Bloch-Kato Conjecture and Main Conjecture of 
Iwasawa Theory for Dirichlet Characters 

revised version, February 2002 
by Annette Huber and Guido Kings 



Univ. Leipzig 
Math. Institut 
PF 920 
04009 Leipzig 
Germany 

huber@mathematik.uni-leipzig.de 



Univ. Regensburg 
NWF-I Mathematik 
93040 Regensburg 
Germany 

guido.kings@mathematik.uni-regensburg.de 



Introduction 



The Tamagawa number conjecture proposed by Bloch and Kato in | BlKa | describes 
the "special values" of L-functions of motives in terms of cohomological data. Special 
value means here the leading coefficient of the Taylor series of an i-function at an 
integral point. 

The main conjecture of Iwasawa theory describes a p-adic L-function in terms of 
the structure of Galois- modules, more precisely modules for the Iwasawa algebra. We 
prove: 

Theorem 4.4.1, 5.1.3, 1.3.1: Let \ be a Dirichlet character. Then the Main 
Conjecture of Iwasawa theory holds for \ an d P ^ 2 and the Bloch-Kato conjecture 
holds up ot powers of 2 for L(x,r) with r G Z. 

Already in the simplest case of the Tamagawa number conjecture - the Riemann 
(■-function (see [BIKa] Theorem 6.1) - the Main Conjecture due to Mazur and Wiles is 
used by Bloch and Kato in an essential way. It was clear to the experts that the Main 
conjecture for a Dirichlet character and a prime p should be used in order to prove the 
p-part of the Bloch-Kato conjecture (see e.g. the list in Fontaine's Bourbaki talk [Fo 
§ 10 and | PR3| ). There are two versions of the Main Conjecture depending on parity. 
Both are needed in order to deduce the Bloch-Kato conjecture in general. The first 
version involving the p-adic L-function was proved by Mazur and Wiles. Under the 
condition that p does not divide <&(-/V), the second version involving cyclotomic units 
follows from the Mazur- Wiles case. Under the same restriction, it was also proved 
directly by Rubin using Kolyvagin's Euler systems. The missing cases need to be 
addressed. 



What we want to ad vocate strongly is the insight, due to Kato in [ Ka2 | and [Kal 
and Perrin-Riou [PR3], that the Bloch-Kato conjecture and the Main Conjecture 
are two incarnations of the same mathematical content. Knowing the p-part of the 
Bloch-Kato conjecture for all fields in the cyclotomic tower is equivalent to the Main 
Conjecture formulated appropriately. Our approach is to take Kato's viewpoint seri- 
ously and to prove the Main Conjecture without any restriction on the prime p from 
the Bloch-Kato conjecture. As there is one basic case in which the Bloch-Kato con- 
jecture is known - the analytic class number formula for (f(0) where F is a number 
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field - wc can start a bootstrapping process which in the end proves both conjectures 
for all Dirichlet characters. 

The elements of the proof are not really new, but basically copy Rubin's proof 
using Euler systems. What is new is the right formulation in which all problems with 
bad primes disappear. What is the problem? If p divides $(N), then the projectors 
to %-eigenparts are not Z p -integral. It is not possible to decompose for example the 
class group of Q{/j,n) into x _e ig en P ar ts. Following Kato's idea, we formulate the 
Main conjecture as it is dictated by the Bloch-Kato conjecture. It turns out that 
the "zeta elements" of Kato lead to Euler systems, an observation already due to 
Kato. We then follow Rubin's proof using the machinery of Euler systems developed 
by Rubin and independently by Perrin-Riou and Kato. This general machinery leads 
to a divisibility statement for the characteristic power series of the modules involved. 
To get equality, the classical class number trick is replaced by the same trick with the 
Bloch-Kato conjecture for the Dedekind-C-function. 

The use of the Bloch-Kato formulation has two important advantages over the 
more classical approach to Iwasawa theory. On the one hand it explains clearly 
why, depending on parity, cyclotomic units or the p-adic L-function appear in the 
formulation of the Main Conjecture. The reason is precisely that they interpret the 
L- value of the complex L-function in the "fundamental line" . On the other hand 
the Bloch-Kato conjecture is "rational" , so that a decomposition into characters is 
possible, i.e., one can formulate the conjecture for the motives attached to Dirichlet 
characters. The isogeny invariance of the formulation allows to choose the lattices in 
the Galois representations according to our needs. Thus we do not have to decompose 
a fixed lattice into eigenspaces of the characters. This is an advantage over the classical 
situation and allows to resolve the technical issues connected with the decomposition 
into eigenspaces. 

The proof uses very few ingredients and a minimum of computations. As indicated 
earlier, we do not use any results on the Main Conjecture from the literature. We see 
this also as an advantage, as the literature is not free of mistakes and the computations 
with cyclotomic units are hard to follow. Here is the list of key ingredients: 

1. standard results for Galois cohomology like Poitou-Tate duality; 

2. the analytic class number formula for Dedekind-^- functions; 
the explicit reciproc ity la w for Z(r) with r > 2 over unramified cyclotomic fields 



as proved by Kato [ Ka2 or Perrin-Riou | PR4 1 ; 

4. the theory of Euler systems due to Kolyvagin, Rubin, Kato and Perrin-Riou; 

5. a comparison result on the image of cyclotomic elements in Deligne-cohomology 

(prove d 



and p-adic cohomology known as Bloch-Kato Conjecture 6.2 from [BIKa 



in [Hu-Wi] following Beilinson and Deligne; a second proof is given in [Hu-Ki|) 



Shortly before finishing the first version of this paper, we learned at the Obernai 
conference that Burns and Greither had been working independently on nearly the 
same problem. They prove the equivariant Tamagawa number conjecture for the 
Tate-motive Q(r) and r < over abelian number fields. This also allows to deduce 
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Tamagawa number formulas for the L-functions of Dirichlet characters at negative 
integers. Their proof is quite different, for example they use what was previously 
known on the Main conjecture and difficult computations of /x-invariants. 

The Bloch-Kato conjecture for all Dirichlet characters immediately implies the 
Bloch-Kato conjecture for Dedekind-£-functions of abelian number fields. For negative 



values this amounts to the cohomological Lichtenbaum conjecture, see theorem 1.4.1 



The reduction of the conjecture at positive values to the L ichtenb aum conjecture was 
shown independently by Benois and Nguyen Qu ang D o (| BenNg[ ). Kolster, Nguyen 
Quang Do and Fleckinger consider the latter in | KNF |. Together with th e correction 
of Euler factors worked out by Kolster and Nguyen Quang Do in KoNg , they prove 
the cohomological Lichtenbaum conjecture for abelian number fields up to an explicit 
set of bad primes. The problem are the bad primes in the ab ove m entioned second 
version of the Main Conjec ture. None of the references given in | KNF 5.2, nor [ BclNg 
3.2 (quoted in the | BenNg | A. 2. 3) seems to address this point correctly. 
Overview: The text is organized as follows: In section 1 we state the Bloch-Kato 
conjecture for all Artin motives. This of course includes the case of motives attached 
to Dirichlet characters. 

Section 2 starts with the proof of the Bloch-Kato conjecture by establishing com- 
patibility with the functional equation and the special cases r = and r = 1 for 
Dedekind-^-functions. In section 3 facts about cyclotomic elements and their relation 
with the Bloch-Kato conjecture are assembled. 

Most of section 4 is independent from the previous results. The Main conjecture 
is stated and proved. Finally, the Bloch-Kato conjecture is proved from the Main 
conjecture in section 5. The last section 6 establishes a few facts about certain 
Iwasawa modules. These results are needed in the discussion of the Main conjecture. 

Appendix A proves a well-known lemma on p-adic cohomology of local fields but 
where we did not find a reference. Appendix B establishes compatibility of the conjec- 
ture with the functional equation. This would also be a consequence of an unpublished 
result of Kato [ KaE ] . 

Acknowledgments: We are thankful to D. Blasius for suggesting that this would 
be a worthwhile project. We would also like to thank D. Benois and P. Colmez, who 
answered our questions on explicit reciprocity laws, and P. Schneider for help with p- 
adic cohomology. We appreciate very much the comments by D. Benois, Th. Nguyen 
Quang Do and the referees on the first version of the paper. 



1 The Bloch-Kato conjecture for Artin motives 

Our first aim is to present a formulation of the Bloch-Kato conjecture for Artin 
motives and their L- values at integral points. We follow Fontaine's approach in fFof . 

1.1 Artin motives, realizations and regulators 

We work over the base field Q and with coefficients in some number field E. Let 
Gq be the absolute Galois group of Q and O be the ring of integers of E. An Artin 
motive over Q with coefficients in E is a direct summand of the motive of a number 
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field in the category of all Grothcndicck motives with coefficients in E. They form a 

well-defined abelian category. The dual motive of V is denoted V v . 

Example: Let F be a number field. Then h°(F) itself is an Artin motive. It is 

self-dual. 

Example: A Dirichlct character is a homomorphism 

X- (Z/AZ) X -^C x . 

The conductor / is the smallest number such that \ factors through (Z//Z) x . The 
character is primitive if / = A. It is convenient to extend \ to Z/AZ by x( a ) = if 
a € Z/AZ \ (Z/AZ) X . Consider the isomorphism 

rec : Gal(Q( MA r)/Q) ^ (Z/AZ) X 

which maps the geometric Frobenius Fr p at p \ A to p. Via this isomorphism we view 
X as character 

X :Gal(Q( AlA r)/Q)^C x . 

Let E be the number field generated by all values of Dirichlct characters of (Z/AZ) X . 
Explicitly, it is the field of $(A)-th roots of unity, where $(A) = #(Z/AZ) X . The 
character x defines a rank one Artin motive V(x) with coefficients in E as follows: 
V(x) is the image of the projector p x -i (sic!) on h°(Q(^i]y j) 

p x -i : h°(Q{fjL N )) -> h°(Q(/iiv)) 

where we use the identification G := Gal(Q(/ijv)/Q) = (Z/AZ) X . We call these 
Dirichlet motives. In fact, 

h°(QM) = ©^) 

x 

where the sum is over all characters of conductor dividing A. If F is an abelian 
number field, its motive is a direct summand of the motive of /i°(Q(/xjv)) for some 
A and hence (after extension of coefficients to big enough E) isomorphic to a direct 
sum of Dirichlet motives. 

Let V be an Artin motive. V has p-adic realizations V p for all primes p. They are 
E p = E ® Qp-modules with a continuous operation of Gq. 
Example: The p-adic realization of V(x) is defined as 

V P (x) =p x -iH° t (SpecF®Q,® p ) 

where the projector is taken with respect to the action of the Galois group of F over 
Q. It is a GQ-module via the action on Q over Q. This also factors through G(F/Q) 
but gives the contragredient representation. Hence V p (x) is the rank one i? p -modulc 
with operation of Gq via x- 
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Let Vb be the Betti-realization and Vdr the de Rham realization of V. They are 
finite dimensional E- vector spaces linked by an E'lg'QC-linear isomorphism Vb ®qC = 
Vdr ®q C. 

Example: For V = h°(F) with E = Q, the Betti-realization Vb is given by the 
maps from the set of cmbcddings F — > C to Q. The operation of G(F/Q) is via 
(gf)((j) = f{o~g). It has a natural self-dual lattice Tb given by the functions with 
values in Z. A natural basis is given by the functions S T with S t (t) — 1 and 5 T (o~) = 
for a 7^ r. The de Rham realization is Vdr = F ®q i?. 

Motivic cohomology of a number field is given by Adams eigenspaces of i^-theory 
of its ring of integers. Taking direct summands this also defines motivic cohomol- 
ogy with coefficients in V. The only non-vanishing motivic cohomology groups are 
//^(SpecZ, V(r)) for r > 1 and ffj^ (Spec Z, V). For r > 1 there is the Beilinson 
regulator map 

roo : HjUSpecZ, V(r)) fl£(R,Vk(r)) 

with values in real Deligne cohomology. We use the identification 

fl&(R, Vk(r)) = Vb R (r) R /Vs(r)+ = (V B (r - 1) R ) + 

where + denotes the invariants under complex conjugation and where the second 
isomorphism is induced by C = R © R(— 1). r^ ® R is an isomorphism for r > 1 by 



[ |Bo| and [ Fta ] . For r = the cycle class map to singular cohomology induces 
z : (SpecZ, V) -> (Vb ® R) + = fl£(R, Vfe(l)) . 

Let 5 1 be a finite set of rational primes and j : SpecQ — > SpecZ[l/5p] the natural 
inclusion. We abbreviate H l (Z[l/Sp], V p (r)) := #] t (Spec Z[l/Sp], j*V p {r)) where 
is the direct image in the etale topology (sic, not the derived direct image). Note that 
for V = h°{F), we have the equality H*(Z[l/Sp], V p (r)) = H l {0 F [l/Sp],Q p (r)) as 
the direct image of Q p under the map Spec Of[1/Sp] — > SpecZ[l/Sp] is j*V p . 

For all primes p, there are also p-adic regulator maps 



induced by 



r p : JTjL, (SpecZ, V(r)) - Jf^l/Sp], V p (r)) 
r p : H^iOpMr)) -► H\O f [\/ 'Sp],Q p (r)). 



The map r p ® Q p is again an isomorphism for r > 1 sec [ So | Theorem 1 . We will need 
a refined version of this regulator. Let v p be a rational prime. We denote by /„ 
its inertia group and by F„ the residue class field. One defines 

H}(Q v ,V p (r)) =H 1 (W v ,V p {r) 1 ") . 

For v — p we put 

D cris (V p (r)) = (B cris ® V p (r)f^ , t&n{V p (r)) = ((Bjy R / Fil° B UK ) ® V p (r)) GQp . 
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The latter vanishes for r < and is naturally isomorphic to Vdr(^) <E> Q p for r > 1. 
We consider the fundamental short exact sequence of Bloch-Kato and Fontaine 

-> Q p -> B ciis S^LlfLU B ciis ffi B DR /Fil°B DR -> 0, 

where <fi is the Frobenius on -B cr i s as in [fBq] 3.2 p. 210 footnote and 7r is the composition 
-Bciis -Bdr - * Bjyu/Fil -BdR' This sequence induces after tensoring with Vp(r) and 
taking cohomology 

tf°(Q p , V p (r)) -► £> cris (y p (r)) Z> cris (F p (r)) 0tan(^(r)) -► ff^Qp, V p (r)) 

The space Hj(Q p , V p (r)) is defined as the image of the last map. Under local duality, it 
is dual to Hjj (Q p , V p (l —r)) where Hj j = H 1 /Hj . Moreover, the p-adic exponential 

ex Pp : tan(K p (r)) -» tf^Qp, V p (r)) 

is also induced from the same sequence. By definition it induces an isomorphism of 
tan(Vp(r)) with Hj(Q p , V p {r)) if r + 0. The local cohomology groups Vp(») 
are used to define 

H}(Z[l/Sp], V p (r)) = {a G fl^l/Sp], Vp(r)) | a G V„(r)) for all v G Sp} 

Now, the p-adic regulator factors through 

r p : £^(Z, V(r)) -> ff}(Z[l/Sp], V p (r)) 

and r p ®Q p is in fact always an isomorphism. (This follows from the previous isomor- 
phism for r > 1, compatibility of Hj with local duality [BlKa| 3.8 and the explicit 
shape of exp p for r = 1, BlKa| p. 358). 



1.2 The Bloch-Kato conjecture for Artin motives 

Attached to an Artin motive V, there is an E ® C-valued L-function 

with v a rational prime and 

P w (V,t) = det Bi (l-Fr^| V/') 

the characteristic polynomial of the geometric Frobenius Fr„ operating on the Z-adic 
realization (/„ is the inertia group at v) for any auxiliary prime I ^ v. It is in fact 
an element of the polynomial ring E[t]. For V — h°(F) and E = Q this gives the 
Dedekind-^-function of F. Let V(x) be a Dirichlet motive with coefficients in E big 
enough. Let N be the conductor of x an d consider \ as a map \ '■ Gal(Q(^jv)/Q) — * 
£7*. We identify 

£®C^ C. 
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Then 

L(V( X ),s) = (L(jo X ,a)) n 

where 

t o X (n) 



L(t o x , s) = ^ 



n>l 



Definition 1.2.1. We write L(V,r)* G (E <g) C)* for the leading coefficient of the 
Taylor expansion of the E ® C-valued function L(V, s) at r. 



Definition 1.2.2 ([Fo] § 1). Let V be an Artin motive. The fundamental line A/ (V(r)) 
is the one- dimensional E-vector space 

det E H° M {Z,V(r)) ® det^ 1 H l M {Z,V v {1 - r)) ® det^ V B {r) + if r < 

det E H° M (Z,V y (l -r)) ® det^ 1 iJj^Z, l/(r)) <E> det^ 1 V B (r)+ ®det E Vi> R (r) if r > 1 



Proposition 1.2.3 ([|FoJ 6.10). There is a natural isomorphism 

A/(V(r)) ® Q R = £ ®q R =: E^ 
induced by the short exact sequence 

-► H° M (Z, V(r)) R -> Vi(r)+ -► i^(Z,y v (l - r)$ -> 
in the case r < and bj/ i/ie short exact sequence 

-> ffj^Z, V(r)) M -+V B (r- 1)£ -> ^(Z, V v (l - r)$ - 
together with the isomorphism V E {r — = Vdr ® K/VbMr * n ^ e case r — 

Proof. The maps are the cycle maps z and the Beilinson regulator r^ respectively 
their duals. □ 

Let S be a finite set of primes. We are going to define an isomorphism of E p := 
E <3q Qp-modules 

A/(V(r)) ® Q Q P s det £p Jff c (Z[l/Sp], 7 p (r)) , 
where i?r c (Z[l/Sp], V^(r)) is defined in [pbj , i.e., it sits in an exact triangle 

RT c (Z[l/S P ],V p (r)) -> J?r(Z[l/^], V„(r)) V p (r)+ © RT(Q V , V p (r)). 

v\pS 

As in @ § 4, we define HT/(Q„, V^(r)) C r< x i?r(Q„, V^(r)) to be the subcomplex 



with Hj(Q v ,V p (r)) = H°(Q v ,V p {r)) and H}(Q v ,V p (r)) as in section [□} If w ^ p, 
we have a quasi isomorphism 

MV(Q„,^(r)) = [^(r) 1 * Vp(r) 1 
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If v = p, recall that D cr i s (V p (r)) — (B cris ® V p (r)) Qp . On this space the Frobenius <f> 
of Bcris still acts. One has a quasi isomorphism 

RT f (Q p ,V p (r)) <* [D cris (V p (r)) i*=l^ # cris (^M) © tan(F p (r))], 

where it is the canonical projection. The above quasi isomorphisms induce by the 
theory of determinants isomorphisms 

det Ep RT f (Q v ,V p (r)) = det Ep [V p (r)^ V p (r)^], 

for D^p and 

det Ep RT f (Q pi V p (r)) = det Ep [D cliB (V p (r)) D clis (V p (r)) © tan(V p (r))], 

for v = p. The determinants of the latter complexes are equal to det Ev V p {r) Iv © 
det Sp^p( r ) / " and detE p D clis (Vp(r)) © det^Z? cris (Vp(r)) © det^J tan(V^(r)) respec- 
tively. As these are tensor products of a rank one E^-module and its dual, these are 
identified with E p and det^ 1 tany- p ( r ) respectively. We record this in a definition: 



Definition 1.2.4. We identify 

a:det Ep RT f {Q v ,V p (rj) 



E p v 7^ p or r < 

det^ 1 tan(Vp(r)) v — p, r > 1 



where the isomorphisms are the ones discussed above. 

One has to be very careful in working with these isomorphisms. Assume that cj)—l 

is an isomorphism. This implies that the complex [D CY i s (V p (r)) — — -D C ris(V^(T"))© 
tan(Vp(r))] is quasi isomorphic to tan(Vp(r)). Hence the theory of determinants gives 

an isomorphism j3 : [D ais (V p (r)) — ^* D clis (V p (r)) © t&n(V p (r))} = tan(Vp(r)). 
Proposition 1.2.5. Under the above conditions 

a = P p {V,p- r )p 
where P p is as before the characteristic polynomial o/Fr p . 

Proof. As a and (3 are the identity on det tan(V^,(r)) we may as well assume it to be 
E p . Let dx, . . . , d n be a basis of D = D CI i s (V p (r)) . Then d = d\ A • • • A d n is a basis 
of det D. By definition a(d © d' 1 ) = 1 and (3(d © (det(</> - l)d) _1 ) = 1. This implies 
(3 = det{4> — l) _1 a. By the normalization of 4> ( pq| 3.2, footnote p. 210), det(0 — 1) 
is the characteristic polynomial of Fr p (up to sign) . □ 

Remark: The reason for using this normalization lies in the following fact: the 
formulation of Fontaine and Perrin-Riou is concerned with the full L-function. As 
we will see later, the determinant of the (cyclotomic) elements in Galois cohomology 
H 1 (Z[l/pS], Vp(r)) is related to the L-function with the Euler factors at pS removed. 
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The difference between these two L-functions are the Euler factors at pS, which are 
exactly introduced by the above normalization of the determinant of RTf(Q v , V p (r)). 



Again as in |Fo] § 4 we put 



RT /f {Q v ,V p {r)) = Cone [RT f (Q v , V p {r)) -> RT(Q v ,V p {r))] 
RT f (Z[l/Sp],V p (r)) = Cone [RT(Z[1/ S P ],V p {r)) -> RT /f (Q p> V p (r))] [-1] 



Lemma 1.2.6 ([Fa] 4.4). Let V be an Artin motive. Let S be a finite set of primes. 



1. For r > 1, the complex RTf(Z[l/Sp],V p (r)) is concentrated in degree 1 and its 
first cohomology is isomorphic to H l (Z[l/ Sp], V p (r)). 

2. For r = 1, the complex is concentrated in degrees 1 and 3. There is a distin- 
guished triangle 

Hj(Z[l/Sp,V p (l))[-l] -> RT f (Z[l/Sp},V p (l)) -+ H a (Z[l/Sp},V^) v [-3] . 

3. For r < 0, the complex RTf(Z[l/Sp],V p (r)) is concentrated in degree 2 and its 
second cohomology is isomorphic to H 1 / Sp],Vp (1 — r)) v . 

4- For r = 0, the complex RT f(Z[l/Sp], V p (r)) is concentrated in degrees and 2. 
There is a distinguished triangle 

H°(Z[l/Sp],V p ) -» BTf(Z[l/Sp],V p ) ff}(Z[l/,Sp],F p v (l)) v [-2] 



Proof. See |Fo] p. 215-216. The maps are either inclusions or their duals via the 



localization sequence. □ 
Note finally, that there is a natural distinguished triangle (see [|Fb| p. 215) 

RT c (Z[l/Sp],V p (r)) ^ RT f (Z[l/Sp\,V p (r)) ^V p (r) + © RT f (Q v ,V p (r)) 

veSp 

Definition 1.2.7. We identify 

det Ep RT c (Z[l/Sp},V p (r)) 

S det Bp RT f {Z[l/S P ],V p (r)) ® det^ 1 V p {r)+ ® det^ 1 KC f (Q v , V p (r)) 

v£Sp 

s det Ep RT f (Z[l/Sp],V p {r)) <8> det^ 1 V^(r)+ ® det £p tan(F p (r)) 
S A f (V(r)) ® Qp £ P 



where the second isomorphism uses 1.2.4 an d ^he last is by term by term comparison 
via thep-adic regulators (and their duals) together with the isomorphism o/tan(Vp(r)) 
with Vx>B,(r) O Q p in the case r > 1. 
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We can now formulate the Tamagawa number conjecture of Bloch and Kato. The 
precise formulation is taken from Fontaine's Bourbaki talk [Fo| who also shows equiv- 
alence to the original statement. In his formulation a set of primes S appears, but 
see 



1.2.9 below. 



Conjecture 1.2.8 (Bloch-Kato). LetV be an Artin motive overQ with coefficients 
in a number field E andr G Z. Denote by L(V,r)* the leading coefficient of the Taylor 
expansion of the L-function ofV at r. Le t 5 6 Af(V(r)) (K>qR be such that L(V,r)*S 
is mapped to 1 under the isomorphism of 1.2.$ 

A/(V(r)) ® Q l~£® Q tt. 

Then , 5 G A/ (V(r)) and for all primes p, the image of 8 under the identification of 



1.2. r , 

A/(V(r)) ® Q P s det Ep RT c (Z[l/p],V p (r)) 

is a generator o/deto p RT c (Z[l/p], T p (r)) where O p = 0®1 p and T p is any Gq- stable 
O p -lattice in V p . 

Remark: The element S € Af(V(r)) is uniquely determined up to units in O = Oe 
by the integrality condition. Hence the above can be read as a formula for L(V, r)* . 



We are going to make the explicit translation at least in a special case in section 1.4 



Proposition 1.2.9. a) The conjecture is well-posed, i.e., independent of the choice 
of lattice T p . 

b) It is eguivalent to the conjecture formulated by Fontaine in / jf^ / and hence to the 
original conjecture in [BlKaf. 

Proof, a) Let T' v C T p be a sublattice. The quotient is a finite group, say Q. The 
assertion now follows from the computation of Galois-cohomology with torsion coef- 



ficients and the fact that the Euler characteristic of RT c (2,[l/p], Q) is 1, sec e.g. [M 
I§ 5 Theorem 5.1. 

b) Fontaine's formulation of the conjecture coincides with the above but he replaces 
RT c (Z[l/p], T p (r)) by RT C (Z[1/ Sp],T p (r)) where S is any set of primes including the 
primes of bad reduction of V. What we have to show is independence of S (including 
all primes of bad reduction or not.) Hence let v be a prime different from p which is 
not in S. We only have to remark that there is a localization sequence 

Rr c (Z[l/Svp],T p (r)) -> RT c (Z[l/Sp],T p (r)) -» RT(¥ v ,T p (r) Iv ) 



whether v is a good reduction prime or not (see e.g. [Mi| II prop. 2.3 d)). Then 

RT(¥ v ,V p (rY") = Rr f (Q v ,V p (r)) 



and the isomorphisms in 1.2.7 are compatible with enlarging S. 

The equivalence with original conjecture of Bloch and Kato was shown by Fontaine 
in 69. □ 
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It is often useful to reformulate the p-adic condition in terms of global duality, 
which gives for p =/= 2 

det RT c (Z[l/p], V p (r)) <g> det V p (r)+ = det RT(Z[l/p], V p v (l - r)). 



Proposition 1.2.10. Let T p be a Galois stable lattice in V p and p ^ 2. Then the 
integral structures on the left resp. right hand side of the last formula given by 

det RT c (Z[l/p], T p (r)) <g> det T p (r) + resp. det RT(Z[l/p], T p v (l - r)) 

agree. 

Remark: For p = 2 the complex RT(Z[l/p], T^(l — r)) is not perfect and one has to 
consider T< 2 RT(Z[l/p], T p v (l - r)) instead. Moreover T p (r) + = H°{R,T p {r)) has to 
be substituted by the zeroeth Tate-cohomology of T p (r). 



Proof. Let * denote the Pontryagin dual Hom(-, E p /O p ). Global duality implies 

det RT c (Z[l/p], T p (r)) <g> det T v (r) + = det" 1 RT(Z[l/p], T*(l - r))* 

under the above rational isomorphism. Hence we have to show that the integral struc- 
tures deti?r(Z[l/p],T p v (l - r)) and det" 1 RT(Z[l/p], T*(l - r))* in the E'p-module 
det RT(Z[l/p), V p (1 — r)) coincide. For a bounded complex A, we have 

RRom(A, O p ) = RHom(A, RRom(E p /O p , E p /O p )) 

= i?Hom(yl ® L E p /O p , Ep/Op) = {A ® L E p /O p )* 

Moreover, 

RT{Z[l/p],T;(l-r)) = 

RT(Z[l/p},T^(l - r) ® L 0p Ep/Op) = RT(Z[l/p], T p v (l - r)) ®\ E p /O p 

because RT{Z[l/p], T p v (l - r) ®^ p E p ) = RT(Z[l/p], T p v (l - r)) <g)^ E p . Together this 
implies 

det- 1 RT(Z[1/p],T;(1 -r))* = dot" 1 (kT(Z[1/ P ], T p v (l - r)) ® L 0p Ep/Op)* 

= det" 1 RRom(RT(Z[l/p],T^(l -r)),O p ) = det RT(Z[l/p], T p v (l - r)) 

□ 

Remark: Kato formulates vers ions of the Tamagawa number conject ure f or val- 
ues at positive integers in | Kal | and for values at negative integers in [ Ka2 |. The 
above proposition implies that his conjectures are equivalent to the ones formulated 
by Fontaine. Note that in the formulation of the Tamagawa number conjecture 
for the full L-function the integral structure of the fundamental line defined using 
det RT(Z[l/p], Tp(l — r)) still involves the identification 1.2.4 of the local factor. 
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1.3 Main Theorem 



We now state our main theorem on the Bloch-Kato conjecture and sum up the known 
cases. 



Theorem 1.3.1. The Bloch-Kato conjecture 1.2. t holds up to powers of 2 for all 
r € Z and all abelian Artin motives, i.e., for Artin motives which are direct sums 
of direct summands ofh°(F)'s where F is an abelian number field. In particular, it 
holds for all Dirichlet motives. 

1. Some parts of the proof certainly work for the prime 2 but we did not check 
whether there are serious problems or not. 

2. The case V -- 



3. 



5. 



G. 



7. 



already appears in the original paper by Bloch and Kato 
BlKa| Theorem 6.1 (conjecture 6.2 has meanwhile been proved in [Hu-Wi].) In 
6 Kato proves the p-part of the equivariant conjecture for 



Kal] 



.)+ for 



r > 2 even. 



The Beilinson conjecture for Dirichlet moti ves , i.e. the first part of conjecture 
1.2.8. w as already proved by Beilinson in |Bc| (with some corrections in [Nc] 
and Psl). 



4. Fontaine []Fq] § 10 mentions the case of Dirichlet motives V(x) but assumes that 
p 2 resp. p does divide N or (f>(N) (where N is the conductor of \) depending 
on parity conditions. 

The Bloch-Kato conjecture for V = h°(F) with coefficients in Q and r < 
is easily seen to be equivalent to the cohomological Lichtenbaum conjecture 
(see 1.4.1 below). The case V — h°(F) where F is totally real and r < is 
odd is a direct consequence of the main conjecture due to Wiles. In [KNF] 
the cohomological Lichtenbaum conjecture is treated for abelian number fields. 
Together with the correction of Euler factors worked out by Kolster and Nguyen 
Quang Do in [KoNg , they prove the cohomological Lichtenbaum conjecture for 
abelian number fields up to an explicit set of bad primes. It follows (for all 



primes p ^ 2) as a corollary of our main theorem 1.3.1 



In recent work [ BenN g] , Benois and Nguyen show how to reduce the Bloch-Kato 
conjecture for h°(F) and r > 1 to the case of r < by showing compatibility 



under the functional equation. See also section 2.2 below 



Recall that the Beilinson conjecture (which determines the L-value up to ratio- 
nal factor) is known for h°(F) where F is any number field. However, it is not 
known for all Artin motives! 

There is also an equivariant version of the Bloch-Kato conjecture, formulated 
by K ato in the abelian case and by Burns-Flach in general (see also conjecture 
1.5.2| below). A proof of the equivariant conjecture for Tate motives Q(r) and 
r < ov er abelian num ber fie lds and p ^ 2 is given by Burns and Greither 
in [BuGr|. Our theorem 1.3.1 is equivalent to the equivariant conjecture with 
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respect to the maximal order Z[G] in Q[G] and hence for r < a consequence 
of the result of Burns and Greither. Using a key observation by Burns and 



Grcither, it is also possible to deduce the equivariant case from theorem 1.3.1 
1.4 Relation to Lichtenbaum conjecture 



The above theorem 1.3.1 can be restated to give a formula for the L-value. For 
simplicity of notation, we do this in the case E = Q, V = h°(F) where F is a number 
field and for r < — 1. 

Theorem 1.4.1 (Cohomological Lichtenbaum conjecture). Let F be a number 
field, k > 2. Let Rk{F) be the Beilinson regulator of F, i.e., the covolume of the image 
of K2k-i{F) in h°(F) w (k — l)jjj under the Beilinson regulator map. Then the Bloch- 
Kato conjecture for h (F) and 1 — k implies that up to sign and up to powers of 
2, 

fh hY-F (F) TT #H\0 F [l/ P ],Z p (k)) 

In particular, the cohomological Lichtenbaum conjecture holds for abelian number 
fields F. 



Proof. Let us show that conjecture 1.2.8| with r = 1 — fc < — 1 implies this formula 



for the L-value. Let T^(— r) + be the natural integral structure in h°(F) v (— r)t and 
C H\ A {F, Q(l — r)) the quotient of K 2 k^i{F) by the torsion subgroup. In this case 

A f (V(r)) = det- 1 Hjw(F,Q(l - r)) ® det" 1 (h°(F) B (r)) + . 

In the fundamental line one has the lattice det -1 ® det -1 Ts(r) + . By definition 

detO = Ri- r det T^(-r)+ = #i_ r det -1 T B (r) + 

where R\- r is the Beilinson regulator of F. Recall that 6 is the element of the 
fundamental line corresponding to l/(p(r)* under its identification with R. In terms 
of the above lattice 

SZ = fll ~ r det" 1 n <g> det" 1 T B (r) + 



Then conjecture 1.2.8 implies that 8 is mapped to a generator of det RF c (Z[l/p], T p {r)) 



under the isomorphism A/(V(r)) ® Q p = det RY c (Z[\/p], V p (r)). In our case 

RT f (Z[l/p],V p (r)) - H\l[l/p],V^{l-r)Y[-2] = RT(Z[l/p], V p ^(l - r)) v [-3] 
The isomorphism of the fundamental line was defined by 

A/(F(r)) ® Q p dCtrp8 ' d » dekH l (Z[l/p],V^(l - r)) v ® det" 1 V p (r)+ 

id0 " V > det/T^ZIl/p], V p v (l - r)) v ® det" 1 F p (r)+ ® det" 1 RT f {Q p , V p (r)) 
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with a as in 1.2.4. By lemma 1.2.5 this isomorphism differs from the one induced by 
detr^id alone by the Euler factor Pp{V,p~ r ) = H v , p {l-N(v) k - 1 ). This is ap-unit 
as k > 2. 



Using proposition 1.2.10 this implies that r p (S) is mapped to a generator of 
det i?r(Z[l/p],T p v (l - r)) ® det" 1 T p (r)+ 

or equivalently, 

Rl-r 



detr p (fl (g>Z p ) ® deti?r(Z[l/p],T p v (l - r)) 

= detr p (0®Z p )®det- 1 ff 1 (Z[l/p],T p v (l - r)) ® det ff 2 (Z[l/p], T p v (l - r)) 
= det- 1 (lf 1 (Z[l/p] ) T p v (l -r))/r p (fi®Zp)) ® det i/ 2 (Z[l/p], T p v (l -r)) 

Write again fc = 1 - r. We have iT(Z[l/p], T p v (fc)) = iT(e> F [l/p], Z p (fc))- Some has 
proved that the map K2k-i{F)®'L p — > if 1 (C'F[l/p], Z p (r)) is surjective and the ranks 
agree by the computation of Borel. Hence r p (r2 ® Z p ) is identified with the free part 
of H 1 {G F [l/p],'Lp{k)), i.e., the quotient is H 1 {0 F [l/p],'L p (k)) tors . Note finally that 



a finite Z„-module of order h has determinant h Z„ 



□ 



Many cases were known before, see the discussion after theorem 1.3.1. Lichten- 
baum's original conjecture Q involves the Borel regulator rather than the Beilinson 
regulator and if-groups rather than Galois cohomology. The missing ingredient is the 
Quillen-Lichtenbaum conjecture 



K 2M {F)®Z P £* H\0 F [l/p},Z p (r)) 



for i = l,2 and r > 2. 



1.5 The equivariant conjecture 

There is also an equivariant version of the Tamagawa number conjecture. It was first 



introduced by Kato for abelian groups in [Kal]. The case of non-abelian groups is 
treated by Burns and Flach in |BuFl|. We are going to treat the abelian case. 

As before let M be an Artin motive over Q with coefficients in E. Let K be an 
abelian extension of Q with Galois group G = Gal(i"T/(Q>). Let X(K/<Q) be the set 
of C-valued characters of G. We assume for simplicity that E contains all values of 
elements of G. Note that we have 



E[G] = E{w) 



uj£X(K/Q) 

where G operates on E(u>) via For every Artin motive M let M(u>) := M<®V(uu). 
Definition 1.5.1. The equivariant L-value 

L(K/Q,M,r)* eE^lG]* 
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has uj- component L(M(u>),r)* . The equivariant fundamental line is defined as 
A f (K/Q,M(r))= A/(M(w)(r)) 

weX(K/Q) 

Remark: 

1. L(K/Q, M, r)* is an element of E^ [G] = E <S> R[G] rather than J5 ® C[G] as the 
element is invariant under complex conjugation on coefficients. 



2. Let M be an Artin motive with coefficients in E. Then L(K/Q, M, r)* is indeed 
an element in Eoo [G] , even though the u-components have coefficients in some 
bigger field E'. This is seen by checking invariance of L(K/Q, M, r)* under 
Gal(E'/E). 

3. If K'/K is an extension such that K'/Q is still abelian, then L(K'/Q, M, r)* is 
mapped to L(K/Q, M, r) under the norm map. 

The absolute comparison morphisms for all u) together give natural isomorphisms 

A f (K/Q,M(r))®Q p s det Ep[G] HT c (Z[l/p],0M p (w)(r)) 

The isormophism 0^ M p (ui) = M p <gi -Ep[G] induces 

i?r c (Z[l/p], M„(u)(r)) - RT c (0 K [l/p),M p (r)) 

UJ 

Now we can formulate the equivariant conjecture: 

Conjecture 1.5.2 (Kato, Burns-Flach). Let M be an Artin motive over Q with 
coefficients in E and r G Z. Lef K/<Q> be an abelian extension with Galois group 
G. Let 6(K/Q) e A f (K/Q,M(r))®R be such that L(K/Q, M, r)*5(K/<Q>) is mapped 
to 1 under the isomorphism with E^G]. Then S(K/Q) G A/(A"/(Q), M{r)), and for all 
primes the image ofS(K/Q) underthe isomorphism withdetE [g] RTc(Ok[1/p], M p (r)) 
is a generator of deto rgi RT c (Ok [1/pL T p (r)) where T p is any Gq-stable lattice of 
M p . 



Clearly, this is identical with conjecture |1.2.8| if K = Q. Note that the u>- 
component of S(K/Q) is nothing but 5 for the motive M(ui)(r). Also the w-componcnt 
of the image of S(K/Q) in det E tQ] KT(Ok[1/p], M p (r)) is given by the image of S 
(for M(w)(r)) in dct Ep RT{1[\/p\ M p (w)(r)). 



2 First steps in the proof 
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2.1 Overview 



We start with a few reductions. As extension of coefficients is faithfully flat, it suffices 
to prove the conjecture after extension of coefficients. The conjecture is also compat- 
ible with direct sums of motives. As any abelian Artin motive decomposes into a 
direct sum of Dirichlet motives after a suitable extension of coefficients, it suffices to 
consider the case of Dirichlet motives V(x). The proof is organized as follows: 

1. We prove the Bloch-Kato conjecture directly in the c ase of the full motive h°(F) 
where f 1 is a number field and r = 0, see section [2.3[ . By the compatibility 
with the functional equation (which can be checked directly in this case) the 
conjecture also holds for h°(F) and r = 1. 

2. We then use Euler system methods to establish a divisibility statement for 



Iwasawa modules in the case x{~ 1) = (— l) r , see 4.3.3. By the class number 
trick — with the class number formula replaced by the Bloch-Kato conjecture 
for F — Q( uiv) and r = 1 — we prove the Main Conjecture of Iwasawa theory 



from it, see 4.4 



3. Using Kato's explicit reciprocity law, we prove the Bloch-Kato conjecture for 



r > 1 and x(— 1) = (— l) r from the Main Conjecture, see 5.1.1. The necessary 
computation was already used in the "class number trick" in the previous step. 
In fact, the argument proves the p-part of the equivariant Bloch-Kato conjecture 
for the same r and x an d the cyclotomic Z/p™-extension over Q. 

4. Using the precise understanding of the regulators of cyclotomic elements we 
prove the Bloch -Kato conjecture for r < and x(~ 1) = ( — l) r from the Main 
Conjecture, see |5.2.3 . However, the argument does not work for r = and 



xip) — 1; the case of "trivial zeroes". The trivial zeroes will be treated in in 
the last step. 

5. By the compatibility of the Bloch-Kato conjecture under the functional equa- 
tion, we deduce the Bloch-Kato conjecture in the remaining cases for r ^ 0, 1, 
see 5.1.2 and [5.2.4 . This works even equivariantly and hence shows the p-part 



of the equivariant conjecture for r > 1, x(~ 1) = ( — l) r an d the cyclotomic 
Z/p™-extension of Q. 

6. From the equivariant Bloch-Kato conjecture in the previous step, we can deduce 



the second version of the Main conjecture, see 4.2.4 . Conversely, the new version 
allows to prove the Bloch-Kato conjecture for r = and r = 1 unless there are 
trivial zeroes. 

7. The last exceptional case r = and x(p) — 1; i- e -i the case of trivial zeroes, 
follows again by the functional equation see |5.4.1 . 



2.2 Functional equation 

We first study the compatibility of the equivariant Bloch-Kato conjecture under the 



functional equation. The corresponding statements can already be found in [FoPR 



16 



in the absolute case (K = Q) and in [BuFl| even for the case of non commutative 
coefficients. 

Let K/Q be abelian and M an Artin motive with coefficients in E. As before 
let X(K/Q) be the set of C-valued characters of G := Gal(K/Q). For lu e X(K/Q) 
define M(lo) := M ® V{uS). Consider for each M(u>) and r > 1 the -E-module of rank 
one 

A loc (M(u;)(r)) = det" 1 M B (uj)(r) + ® det M DR (w)(r) <8> det A/ B H V (1 - r) + 
After tensoring with R we identify it with E <8>TSL using the isomorphism 
M DR H(r) R /A/ B H(r)+ - M B (u)(r - 1)+ 

Let e(ui)(r) be the element of Ai oc (M(o;)(r)) corresponding to L ^(N?(J)r)* > un der 
this isomorphism. Define 

A loc (K/Q,M{r)):= A toc (M(w)(r)) 
wex(K/Q) 

(this is a module of rank 1 over E[G] = and let e(K/Q, M(r)) := (e(w)(r)) w G 

Aioc(^/Q, M(r)). On the other hand, each Ai oc (M(w)(r)) ® _E p is isomorphic to 

det -1 J?r(Q p ,Mp(w)(r)) ® det -1 M p (w)(r) + ®detM p (w) v (l - r)+ 



via the p-adic exponential and using 1.2.4. Thus we get 

A loc (*T/Q, M{r)) ®E P = det^ [G] i?r(Q p ® if, M„(r)) ® det^ [G] M p (w)(r)+ 

w€X(if/Q) 

®det £p[G] M P H v (l-r) + , 

weX(RT/Q) 

where we have used as before that J?r(Q p , W M p (u)(r)) = RT(Q p K,M p {r)). 
Observe that for any Galois-stable lattice T p in M p the (D p [G]-module T p [G] := T p £g> 
O p [G] is a lattice in ® U&X (K/Q) We also write M p [G] := M p ® i? p [G] and 

similarly for M B and Mdr. 

Conjecture 2.2.1. Let M oe an Artin motive, r > 1, p a prime. Then the image of 
e(K/Q, M(r)) under the above isomorphism is a generator of 

det^ [G] i?r(Q p ® Jf,T p (r)) ® detg [G] T p [G](r)+ ® det 0p[G] (T p [G]) v (l - r)+ 

where T p is any Galois-stable lattice in M p . 

Theorem 2.2.2 (Kato). The above conjecture holds for K/Q abelian, M an abelian 
Artin motive and r > 1, p ^ 2. 
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Proof. This was shown for the motive Q and K — Q by Bloch and Kato in [BlKa|. 
Perrin-Riou [PR1] deduced it in the case that p is unramified in M. Bcnois and 
Nguyen Quang Do in [ BcnNg | show it for the full motive h° (F) of an abelian number 
field. Finally there is unpublished work of Kato Ka3| which settles the conjecture 
for K/Q abelian and M = Q, thus for all abelian Artin motives. In appendix ^ we 
give a proof in the special case for K = Q(/x P "), M arbitrary (abelian), r > 1 and 



V + 2 (B.1.3) 



□ 



Remark: The case r = 1, K = Q follows at the very end of our arguments from the 
Bloch-Kato conjecture at r = and r = 1. 



Proposition 2.2.3. Lei p ^ 2, K/Q abelian, M be an Artin motive and r > 1. TTien 
two of the following assertions imply the third. 

1. The p-part of the equivariant Bloch-Kato conjecture for K/Q, M and r. 

2. The p-part of the equivariant Bloch-Kato conjecture for K/Q, M v and 1 — r. 

, M , r and p. 



3. Conjecture 2.2.1 for 
Proof. We give the argument for the convenience of the reader. By definition 

A f (K/Q, M(r)) ®A f (K/Q,M v (l - r)) v = 

det-[ G] M B [G]{r)+ ® det B[G] M DR [G](r) ® det B[G] (Af B [G]) v (l - r) J 



The identification of the left hand side with E[G] ®M. induced by 1.2.3 is compatible 
with the above identification of the right hand side with E[G] <8> R. The element 
5(K/Q, M(r)) ® 5~ 1 (isT/Q, M v , 1 - r) is nothing but e(iT/Q, M(r)). 



On the other hand, the tensor product of the fundamental lines with E p in 1.2.7 
can be simplified using global duality (proposition 1.2.10| over K instead of Q) and 
the localization sequence: 



A f {K/Q,M(r)) ® A f (K/Q,M v (l - r)) v ® E p 

S det 0[G] iZr c (Ojc[l/p],M p (r)) ® det^ G] HT(Ojf [l/p],M p (r)) ® det 0[G] (M p [G]) v (l - 
= det^ i?r(Q P ® if, M p (r)) ® det"f G] M p [G](r)+ ® det 0[G] (M p [G]) v (l - r)+. 

This is the second term appearing in the local conj ecture . The integral structures are 
compatible with this simplification by proposition 1.2. 10| (over K). □ 



2.3 The class number formula case 

We check the first case of the Bloch-Kato conjecture by hand. This is an old result, 
mentioned e.g. in |f9 ] § 8, but we did not find a proof in the literature. As it is 
the crucial case to which all the other cases are finally reduced, we discuss it in some 
detail. 

Proposition 2.3.1. The Bloch-Kato conjecture holds in the case V — h°(F), r = 
and r = 1 up to powers of 2. 
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The rest of this section is devoted to the proof of this proposition. The arguments 
are parallel to the ones used in deducing the Lichtenbaum conjecture. 

Proof. We start with the case V = h°(F) and r = 0. We write H % M (0 F ,Q(j)) = 
ZfVj(Z, V(j)). The fundamental line in this case is 

A f (V) := det H M (O F , Q) ® def" 1 H^Op, Q(l)) ® dot" 1 F+. 



Let Tb be the natural lattice in Vb (see section 1.1). Recall that Hj^(O f ,Q) = Q 
and consider the splitting Soo of (Vg)^ — > Hj^^f , Q)m which maps 1 to the dual 
of <5 CT for a fixed «r. Then Toa © Soo : H l M {0 F , Q(1))h © AJUOf, Q)k -> (V^)J is an 
isomorphism and we consider the lattice 

det Z © det" 1 0*' free ® det" 1 T+ 

in A/(V r ), where C^' frcG is the quotient of by the group of roots of unity in F. 
Let R^F) := vol ((T£ © R)+/(r 00 (^ frco ) © Soo (Z))) , then 

det r oo (0* ,free ) © det Soo (Z) = ^(F) defc(T£)+ = ^(F) det" 1 T+. 

This allows to identify the element S which maps to 1/£ F (0)* under the isomorphism 

A f (V)<BiM. = K as 

« = : ? 2 ^ det Z © det" 1 0*/ ree © det" 1 T+. 
Cf(0)* 

The analytic class number formula gives 

Cf(0) ""W 

where h — #CI(O f ) is the class number. Hence 

81 = det CI{O f ) © det Z © det" 1 © det" 1 T+. 

Now we define following Bloch and Kato Hj(Q p ,T p ) := L- 1 (Hj(Q p ,V p )), where i : 
^(Qp.Tp) -> fl-^Qp, F p ). We put fl^ := H 1 /^. 

Proposition 2.3.2 (Appendix A), a) The Poitou-Tate localization sequence in- 
duces an exact sequence 

0^O* F ®Z p ^ H l {0 F [l/p], Zp(l)) -> H)f{F ® Q P , M 1 )) -» C7(0f) ® -> 
-^ff 2 (0 F [l/p],Z p (l)) ^iJ 2 (F©Q p ,Z p (l)) -+ff (O F [l/p],Q p /Z p )* ->0. 

6) Under the composition 



det" 1 RT/f(F © Qp, Q p (l)) = det i?L/(F © Q P ,Q P ) £, 



o/ /oca? duality with the isomorphism of 1.2. \ the lattice det 1 RT/f(F © Q p ,Z p (l)) 
is identified with Z p . 
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Proof. See A..3 and A.7. 



□ 



Let us show the Bloch-Kato conjecture for h°(F) and r = 0: the exact sequence in 
part a) of the proposition implies 

deti?r(Z[l/p],T p v (l))®det- 1 i?r // ((Q p ,T p v (l)) = 

= det" 1 ^ <g> Zp) ® det(CT(0 F ) ® Zp) <g> det" 1 H°(Z[l/p], (T p v )*)*. 



If we tensor both sides with det T+ , use proposition 1.2.1C and the fact that 1 6 
Q S ff°<(Z, V) maps to 1 G Z p S ff°(Z[l/p], (T p v )*)* we get 

dcti?r c (Z[l/p],T p ) s det" 1 iZr^Qp.T^l)) = <5Z P . 

The isomorphism A/(V) ® Q p = det RT c (Z[l/p], V p ) used in the formulation of the 
Bloch-Kato conjecture is the same as the composition 



A/ (TO ® Q p £ det HT c (Z[l/p], Vp) ® det" 1 Hr//(Q P , Vp V (l)) 



det RT c (Z[l/p], V p ) <g> det i?r/(Q p ,Vp) 



id ®a 



deti?r c (Z[l/p],V p ) 



Hence part b) of the proposition implies that SZ p = detRT e (Z[l/p],T p ) as required. 

Now we consider the case r — 1. We deduce this case from the case r — by 
checking the compatibility conjecture 2.2.1 for K — Q in this special case. We keep 
the same lattices as before. Let moreover 

Tdr = Of 

By the functional equation 

Cf(0)* , d 1 / 2 



Cf(1)' 



= ± 



2 r i (27r) r = 



where d is the absolute value of the discriminant of F. On the other hand, we consider 
again the natural lattice Tg in Vb and the exact sequence 



-» ((27ri)T B )- 



O f 



T+<g>] 







The two lattices det Of and detT+ <g> detT_B(l) + on det Of ® R differ by the factor 



d 1 / 2 /2 Tl (2n) r2 . Hence, (up to powers of 2) the element e 
2.2.1 is just 



V(l)) in conjecture 



e(Q/Q, V(l)) = det" 1 T B (1)+ <g> det O f ® det T+ 
It remains to show that the image of det Of is a generator of det RT(F<S>Q P , Z p (F)(1)) 



under the identification 1.2.4 



We have defined before 2.3.2 integral structures such that 
deti?r(F® Qp,Zp(l)) = detRT f (F® Q P ,Z P [1)) <g> det RT /f (F ®Q P ,Z P (1)) 
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and 2.3.2 also shows that 



det" 1 i?r // (F®Q p ,Z p (l)) 



maps to Z p under the identification in 1.2.4 
The map 



ex Pp : O f ® Q p -> F)(F ® Q P ,Q P (1)) 



is an isomorphism. By |1.2.5| we have to check that 

detO F „ ®Zp = (1 - det" 1 flr/(.F w ,Zp(l)) 

where is a completion of F at a p-adic place and q is the order of the residue class 
field of F v . Indeed, we have Hj(F v , Z p (l)) = 0^ <gi Zp. The index of exp p (C F J C 
0* F ^ ® Z p is (g — l)/q= (1 — because exp p is a bijection of 7t™0f„ (with 7r^ the 
uniformizer of F v ) towards the group 1 + it™Of v for some n > 1. This finishes the 
proof also in the case r = 1 . □ 



3 Cyclotomic elements 

Cyclotomic elements play a decisive role in our paper. First they provide explicit ele- 
ments in Galois cohomology groups and second they form an Euler system, which will 
be used to prove the main conjecture. The importance of the cyclotomic elements lies 
in the close connection with L-values via the explicit reciprocity law. Our approach 
to the main conjecture through the Bloch-Kato conjecture explains precisely, which 
Euler system is needed to give the equality in the main conjecture. 



3.1 The Euler system of cyclotomic elements 

Recall that E is a finite extension of Q containing all values of the Dirichlet character 
X considered below. O is its ring of integers. We fix a prime p and put E p = E ® Q p , 
O p = O ® Z p . 

Fix a collection (Cm)m>i °f primitive m-th roots of unity in C satisfying £™ n = £ m . 
To be explicit we can take ( m = exp^. Let F = Q(Civ)- We obtain a fixed 
embedding cr : F — »• C. 

Let x be a character of conductor N. We need to fix a lattice in Vb{x)- Recall 
that h°(F) B are the maps from the set of embeddings a : F — > C to Q with action of 
g G G := Gal(F/Q) given by (gf)(cr) := f(crg). We write 5 CT for the delta function at 
a. Note that we have a distinguished element 5 ao S H°(F)b- 

Definition 3.1.1. Define the element £b(x) £ Vb(x) by 

*s(x) —Px-'^o 

and let Tb(x) '■= C£s(x)- ^ e use this to define also T p (x) ■— Tb(x) ® Z p and 
*p(x) :=is(x)®leTp(x). 
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Remark: Recall that we have by definition V( X ) — P x - 1 ^ (^ 1 ) and with this normal- 
ization V p (x) is the Galois module with operation of Gq via X- 

Following Soule we define cyclotomic elements 

c I .(C ro )€ff 1 (Z[C m ][l/p],Z p (r)), 

for all r E Z and m > 1. For every integer m > 1 and prime Z the following norm 
compatibility is satisfied: 

{1 - Cm if l\m 

(1 - Cm) 1_Er! if i | w and m > 1 
/ if m = 1 

Here Fr; is the (geometric) Frobenius at I in Gal(Q(C m )/Q). For n > 1 and m > 1 
the elements 1 — Cp"m are units in Z[C p n m ][l/p] and we can consider for every n > 1 

(1 - C P -m) ® KJSJ 8 "- 1 6 H 1 (Z[^J[l/p],Z/p»Z(l)) ® Z/p"Z(r - 1) 

= H\Z[<: p n m }[l/p},Z/p n Z(r)). 

We let 

c r (Cm)n := cores Q(Cpnm)/Q(Cm) (l - ^m) ® (gi m )® r - x 6 ^(ZKmHl/phZ/p^tr)). 
The c r (Cm)n are compatible with respect to the maps Z/p n Z — > Z/p n_1 Z. 

Definition 3.1.2. For r G Z and m > 1, the Soule-Deligne cyclotomic elements 
Cr(Cm) are defined as 

Cr(Cm) := lnn„c r (Cm)n G -ff 1 (Z[C m ][l/p],Z p (r)). 

We are now going to define elements c r (£m)(x) G i/ 1 (Z[C m ] [l/p] 5 ^p(x)( r ))- L ct 
be the conductor of X and if the least common multiple of N and m. Let F := Q(0v), 
then F(C m ) = Q(Ck)- Let t p ( X ) be the O p generator of T p { X ) fixed in |3.1.l[ 

Definition 3.1.3. Define c r (£ m )(x) t° be the image of c r (Of) ®^p(x) under the com- 
position 

iJ 1 (Z[C^][l/p],Z J) (r))®T p (x)^H 1 (Z[Cx][l/p] i r j) (x)(r)) 

-=ifi(Z[C ro ][l/p],T p ( x )(r)). 

Note that the elements c r (Cm) are modulo torsion in the (— l) r_1 -eigenspace of 
complex conjugation, so that c r (Cm)(x) can be non torsion only for x(— 1) = (— l) r . 
Ifm = lwehavec r (l)(x)GH 1 (Z[l/p],r p (x)(r)). 

Remark: Rationally, we have the isomorphism iJ 1 (Z[('7v] [1/p], Qp( r )) = ® x H 1 ('Z[l/p],V p (x)) 
where the sum is taken over all characters of conductor dividing N. Consider a charac- 
ter x such that the primes dividing its conductor are the same as the primes dividing 
N with the possible exception of p. Then c r (l)(x) is the x-component of c r (Civ), 
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i.e., c r (l)(x) = p x -ic r ((^Ar) up to torsion, by the norm compatibility of cyclotomic 
elements. 

Our aim is to show that the elements c r (£ m ) (x) form an Euler system for (T p (x) , pN) . 
Eulcr systems were invented by Kolyvagin. A general theory of Euler systems was de- 
veloped by Kato [Ka4|, Perrin-Riou [PR4| and Rubin jFttfl. We follow Rubin, because 



his approach is closest to our setting. 

Let us recall the definition of an Euler system: 

Definition 3.1.4. An Euler system for (T p (x),pN) is a collection of elements 

e P (m) eff 1 (Q(Cm),T p ( X )(r)) 
for all m > 1, such that for all primes I 



cores Q(C m ,)/Q(C m )M TO 0) = 



e r (m) 



if 1 1 mpN 



(1 -x (l)l r ~ KM ifl\mpN. 



Lemma 3.1.5. (Soule [Sol) The elements c r (£ m )(x) form an Euler system for (T p (x)(r),pN). 



Proof. This follows from proposition 2.4.2. in [Ru and the norm compatibility of the 
cyclotomic units. □ 



We need also the following variant of c r ((jv) and c r (l)(x), see [ Kal § 5. 
Definition 3.1.6. Define 

f C r (C N ) if P \N 

MCn) = I Ei>o(P r " 1 ) <c r(<^") ifp\N,r>2 
i-E 2 >i(^ r ) l c r (C^) ifp\N,r<Q 

Here £?r denotes the unique N-th root of unity whose p % -th power is (jv ■ Similarly 



let 



'cr(l)(x) 



ifp\N 



cr(l)(x) = { Ei^oip^Yx-'ipYcrWix) ifp\N,r>2 
E^iip^YxipfcrWix) ifp\N,r<0 

Note that the sums converge in H 1 ('L[C, N ][l/p},'L p {r)) and H 1 {Z[l/p],T p (x){r)) 
respectively. If p \ N, 



(l-p r - L Fr p )c r (( N ) = c r {( N ) 



and 



(l-p r - 1 X- 1 (p))Cr(l)(x)=Cr(l)(x)- 

The following lemma allows the comparison with the p-adic regulator from if-theory. 
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Lemma 3.1.7. The following identity holds in H 1 (Z[( p r> N ][l/p],Z/Zp n (r)) if p \ N 
and r > 1 : 

n 

53 ^r- 1 = £(p r - i ) < c r (^" < ) n . 



For p|iV 



53 (l-j8)®(/J*)®'-- 1 = C r (Ctf)r 
/3*>"=Gv 



In particular the elements cv(Civ) and 



53 (i - P) ® (z?^)^- 1 

\P» n =<s 

are the same in H 1 (Z[^ p <x, N ][l/p]^Z p (r)). 

Proof. In the case p|JV there is nothing to show, so assume p \ N . Write -ffi(Ov) 
{/^""^ = 1 and jp n = ( N }. Then 

53 (1 - /3) ® (^)^-i = £ ^ (1 - fj) ® (^)^-i. 

Ho(Cat) *=0 H*(Cjv)\Hi+i(Cw) 



We have 

53 (i - /?) ® cs^)®*-- 1 = (p*-- 1 )* 



ffi(Civ)\ffi+i(Gv) 



and the last sum is nothing but <v(Cjv ) n 



53 a - a) ® (^f-i 

H- (CS~ < )'sHi(CS" 4 ) 



□ 



Remark: Note that the c r (C/v) are the norm compatible elements, which define Euler 
systems and hence are related to p-adic L-functions. They miss the Euler factor at p. 
On the other hand, the elements c r ((jv) are known to come from elements in integral 
X-theory (see 5.2.2). These are the elements which appear in [Hu-Wi], corollary 9.7 
or plKat 6.2. 



3.2 Relation to L- values and non- vanishing of the Euler system 

We want to relate the elements Ct(Cn) defined in |3.1.6| to L- values via the exponential 
map. This will also show that they are non torsion. 

Definition 3.2.1. For a an N-th root of unity let 

Li s (a) := 53 

n>l 

be the polylogarithm function. The sum converges for Re s > 1. 



a" 
n * 
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On the other hand we have the Hurwitz zeta function, defined as follows: 
Definition 3.2.2. Let for eel 

Cn(s,c):= Y, TTs 



n>l, n=c mod N 



be the Hurwitz zeta function of modulus N with respect to c. The sum converges for 
Re s > 1 . 

Theorem 3.2.3. The functions Li s (a) and C/v(s, c) have meromorphic continuations 
to C and for r £ Z and a = exp(2^p) a primitive N-th root of unity, the equality 

l -{L l ^ r {a) + (-lYL l ^ r {{a- 1 ))) = lim T(s) (( N (s, c) + (-l) r Cw(«, -c)) 

holds. 

Proof. This is the well known functional equation of the Hurwitz zeta function, see 



e.g. [Ap] thm. 12.6. □ 



Let L{xi s) be the E ®q C-valued L-function of the primitive character \- The above 
theorem immediately implies with our normalization x(Fr p ) = x(p) : 

Corollary 3.2.4. Let x be a character with x(— 1) = (— l) r and r > 1, then 

X-\r) ® Lh- F (r<; N ) = 2 ' ( r - i)!L( x , r) 

as elements in E ®q C. 

Consider for r > 1 the composition 

^(ZtCjvlfl/pJ.Opa - r)) # X (Q P ® Q(Gv),£ P (l - r)) ^ DR (Q(0v)) v ®e 
where exp* is the dual of exp p via local duality. Let us define an element in Vdr(Q(Cjv)) n 
Definition 3.2.5. Let e?i- r (Ov) v 6 Vdr(Q(0v)) v be the E-linear map 

x i ► Trq (CN y Q (xLi 1 ^ r (( N )). 
The next result is crucial for our approach to the Bloch-Kato conjecture. 



Theorem 3.2.6. (Kato [ KaJj theorem 5.12) For r > 1 the image ofZ\- r {C,N) under 
the map exp* is (—\) r ~ 1 N~ r (r — 1)! di_ r (£)v") v ■ ^ n particular the element c\- r {C,N) 
is not torsion in H l (Z[l / 'p],Z p (l — r)). 
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Proof. This is a standard consequence of the explicit reciprocity law of Kato, [Ka2 
II, Theorem 2.1.7. For the calculation see e.g. Kato [ Ka2| chapter III, 1.1.7 



As Benois pointed out to us, Theorem 2.1.7 in loc. cit. is proved only for norm 
compatible systems of invertible elements of u n G Ok„ (notation of loc. cit). However, 
as we learned from Colmez, the argument also works for a norm compatible system 
of elements u n G Ok„ \ {0}. Then the case N — p n (where 1 — £p» is not a unit) is 
also covered by the theorem. □ 

Let Px : = pEr^'W 1 ' be tne projector of Vdr(Q(Cw)) onto Vdr(x -1 )- We 
consider 

P X (dl-rKivHx- 1 )) G V DR (X) V - 

From the above, we have: 

Corollary 3.2.7. For r > 1 and %(— 1) = (— l) r , the image of ci_ r (l)(x _1 ) under 

ex P ; : H\Z[\/p], V^x' 1 )^ - r)) -» ^dr(x) V 
maps to the linear map which maps x £ Vdr(x) t° 

- Tr Q(C«)/Q (^Q( 27T ir r L(x,r)x 

In particular, as L(\ 1 r) ^ the element Ci_ r (l)(x ) is not torsion in 

^(ZIl/pl.TpOT^fl-r)). 

Proof. Cj-^lKx- 1 ) maps to (-l)'- 1 JV- r (r - l)!" 1 p x (rf 1 _ r (C^) v ) G Vdr(x) v by the 
theorem. By 3.2. 4| this is the element which maps x to 



□ 



3.3 Reformulation of the Bloch-Kato conjecture 

We reformulate the Bloch-Kato conjecture for characters x with 1) = (— l) r and 



r > 1 using the elements Ci_ r (l)(x 1 ) in H 1 (Z[l/p],T p (x —r)) defined in 3.1.6 

Lemma 3.3.1. Let r > 1 and = (-l) r , */iera iJ" (Z[l/p],T p (x _1 )(l - r)) and 

H 2 {Z\l/p],T p {x~ l )[l - r)) are finite. 

Proof. According to [3.2.7 the elements 



(1 - X(p)p- r )c- -r(l)(x -1 ) = ci-,.(l)(x- i ) 
are non torsion and the y ar e the first layer of an Euler system in ff 1 (Z[l/p], T p (x )0-~ 



r)). Theorem 2.2.3 in [Ru| implies then that 



ker (i? 2 (Z[l/p],T p ( X - 1 )(l - r)) - ff 2 (Q p , T^Xl - r))) 

is finite. By local duality and our conditions on %, the group H 2 (Q p , T p (x _1 )(l — r)) 
is finite as well. The statement about H°(Z[l/p), T p (x _1 )(l — r)) is clear. □ 
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Thus, we have an isomorphism 
dct Ep H\Z[l/p},V p ( X - 1 )(l - r)) ^ dct lRT(Z[l/p},T p (x^)(l - r)) ®Q p 

and we can consider ci_ r (l)(x _1 ) £ det^ 1 RT(Z[l/p], T p ( X ~ x )(l - r)) <g> Q p . 
Our aim is to prove the following theorem: 

Theorem 3.3.2. Let % be a character with conductor N and with x(~ 1) = (~l) r 
and assume that r > 1. Then the Bloch-Kato conjecture for V( X ) and r is true up 
to powers of 2, if and only if for all p 2, the cyclotomic element ci_ r (l)(x ) is a 
generator of det^i?r(Z[l/p], T p (x)(l — r)). 

Proof. We are in the case Hl^^Z, V(x)(r)) = 0. Hence, the fundamental line for 
V(x)(r) reduces to 

A/(V(X)W) = det E V BR ( X ) ® det^V B ( X )(r) 

Our first aim is to describe the element 8 of conjecture 1.2.8) explicitly. Let ^s(x) 
be the O-generator of Tb(x) fixed in |3.1.1[ Recall that we have a distinguished 
embedding cr : Q(Cjv) — > C by our choice of root of unity. Let : Vdr(x)r — * 
Vb{x){ t )w> be the comparison isomorphism and / S p x -i(Q(C/v) ® -£■)• Then, for all 
a S G = Gal(Q(Cjv)/Q), <r(/) = x~ V)/ and / is mapped to 

X] Cr oo'(/)(5 (T00 . = ^2x~ 1 (o-)o- (f)8 aoa 

a a 

= (27ri)- r (#G)ao(/) ^E^ 1 ^ 1 ^^)^ 

= (2^)- r (#G)a (/)t B (x)(r). 

Conversely, ^ 1 (^s(x)( r )) — (27r«) r (#G) _1 where we use ao to interpret elements of 
Vdr(x)r as complex numbers. By definition 

6 = L(^7) /ool( * B(x)(r)) faMM)- 1 = ( # G)£(x,r) ® ^WM)" 1 

in A/(V r (x)(? , ))R- We identify detVoR(x) = det -1 Vdr(x) V - in this description, 
(5 = (« v )~ 1 ® (MxXO) -1 where w v is multiplication by (2ni)~ r (#G)L(x, r). By 
3.2.7 , the element exp*(ci_ r (l)(x -1 )) G Vdr(x) v maps x to 

- Tr Q(C«)/Q (^^( 27r *) _ri (x,f)^ = -2{2ni)- r L{ X ,r)x 



Hence we get 



(-^exp^UXx- 1 ))) 1 ® (i fl (x)(r))- x 
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Duality on /i°(Q(0v)) induces an isomorphism Vb(x *) — Ub(x) v - Under this duality 
the standard lattice Tb C /i°(Q(C/v)).b is self-dual. This implies that is(x) v = 
(#G)t B ( X - 1 ), i.e, 



1 



5= --expJCcx-rWfx" 1 )) 



>t B (x- X )(-r) 



Consider the Bloch-Kato conjecture for the lattice T^(x _1 ) v (r) m ^p(x)( r )- It holds 
if and only if 5 is a generator of deto p i?r c (Z[l/p], T p (x _1 ) v (r)), or equivalently by 
proposition 1.2.10 a generator of 

det 0p i?r(Z[l/p],T p ( x - 1 )(l -r)) SdetcTpOc -1 )^). 

This holds if and only if — | exp*(ci_ r (l)(x -1 )) corresponds to a generator of detQ 1 i?r(Z[l/p], T p (x _1 )(l- 
r)) via exp p and using the map on local factors in 1.2.4. By 1.2.5 this is equivalent to 

-ic^iX*- 1 ) = ~(i - x(pK r )ci-,(Civ)(x- 1 ) 

being a generator of det^ iZr(Z[l/p], T p (x _1 )(l — r)) using the natural map. Hence 

the Bloch-Kato conjecture is reduced to — ^ci_ r (l)(x~ 1 ) being a generator of det^ 1 RT (Z [1/p] , T p ( X " 1 ) ( 1 - 

r)). " P □ 

Let Q n be the cyclotomic Z/p™-extension. Let Z„ be its ring of integers. We 
denote by ci_ r (Q„/Q)(x _1 ) the image of ci_ r (C p ™+i )(x) under the corestriction 

ff 1 (Z[C p » +1 ][l/i>] > T p (x- 1 )(l - r)) -> i/ 1 (Z„[l/p],T p (x- 1 )(l - r)). 

Note that these elements are norm-compatible for varying n. 

Corollary 3.3.3. Let x and r be as in the theorem, p ^ 2 a prime. Then the p-part 

of the equivariant Bloch-Kato conjecture 1.5.\ is true for the motive V(x) and r and 

Qn/Q if and only if 'ci_ r (Q„/Q)(x~ 1 ) is a generator o/det" 1 ^^ /Q)] i?r(Z„[l/p], T p (x _1 )(l- 

r)). 

Proof. Consider the characters u>\ where u> runs through the characters of G = 
Gal(Q„/Q). As Q„ is totally real, the parity condition is unchanged. Let N be 
the conductor of x and N^ x the conductor of lu\- They differ by a p-power. We can 
apply the arguments in the proof of the theorem to th e T^(ti >x)' s - Hence the image 
of 8(Q n /Q) under r p with the local Euler factors from 1.2.4| taken into account has 
w-component 

f-^-rCl)^-^" 1 )) ® tptu-^X-r). 
This is nothing but the w-component of 



: c i- 



»/Q)(x _1 )) ®* P (Qn/Q)(x _1 )(-r) 
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with t p (Q n /Q)(x^ 1 ) = tpix^ 1 ) ® 1 G ^(x -1 ) ® O p [G] . The equivariant Bloch-Kato 
conjecture is equivalent to 6(Q n /Q) being a generator of 

det 0p[G] i?r(Z„[l/p],T p ( X ) v (l - r) ® det 0p[G] (Tpfr- 1 ) ® Op[G])(-r) 

As in the absolute case this is equivalent to the assertion. □ 



Corollary 3.3.4. Let X be the set of characters x with conductor dividing a fixed N 
and \{— 1) = — 1. Then the element Y\ xeX c o(l)(x) * s a generator of 

deto p RT(Z[l/p], T P ( X )). 



Proof. By 2.3.1 we know that the Bloch-Kato conjecture is true for ^(Q(C/v)) and 



r = 1 and for the motive of the real subfield V^(Q(£at) + ). Thus it is true for 

V(Q(Cn))- = V( X ) 

and r = 1 with an arbitrary choice of lattice in V^Q^Cat)) - ■ Repeating the proof of 
the last theorem for the direct sum of the V(x) implies the claim. □ 

Remark: This simple argument is one of the key insights of this paper. We originally 
have proved the Bloch-Kato conjecture for the motive of a number field using certain 
choices of lattices. We now apply it with a completely different choice of lattice which 
is compatible with direct sum decomposition. The relation of the two lattices is non- 
trivial - but we do not need to know anything about the comparison factors. The 
extra freedom in the Bloch-Kato conjecture allows to avoid these computations. 



4 The main conjecture 

In this section we formulate and prove the main conjecture in Iwasawa theory for all 
characters. It is essential for our proof of the Bloch-Kato conjecture to have the main 
conjecture for all characters. 

4.1 Iwasawa modules 

The theory of Euler systems gives relations between certain Iwasawa modules. These 
modules will be defined in this section. We start by defining the Iwasawa algebra: 

Recall that E is a finite extension of Q containing all values of the Dirichlct 
character x of conductor N. Let O p := O ®z Z p be the ring of integers in E p . This 
is a product of discrete valuation rings. 

Definition 4.1.1. Denote &?/Qoo the maximal 7L V - extension inside Q(Cp°°) o-nd by Q n 
the finite extensions ofQ inside with Gal(Q n /Q) = Z/p n Z. Let V := Gal(Q oc /Q) 
and A := lim n 0p[Gal(Q n /Q)]. The algebra A is the Iwasawa algebra. 
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Then we have the standard identification 

with a power-series ring in one variable over O p . In particular A is a regular ring. 
The following A modules are our main object of study: 
Let x be a Dirichlet character and T p (x) an p -lattice in V p (x)- Define: 

TpUY :=Kom 0p (T p ( X ),E p /O p ) 

the Op-Pontryagin dual of T p (x)- 

Definition 4.1.2. Let Z n be the ring of integers in the Z/p"Z- extension Q„ of Q. 
Define 

H q gl (T p (x)(k)) := %m n Hi(Z n [l/p],T p ( X )(k)) 
Hf oc (T P (x)(fc)) :=lun n HHQ p ^Q n ,T p (x)(k)) 
H^(T p ( X )*(l - k))* := H^Z^l/plTpixni ~ k))* , 
where the limit is taken with respect to the corestriction maps. 
In the sequel we collect some facts about these A-modules. Let 



e cycl : Gal(Q/Q) Z p x 

be the cyclotomic character (i.e., O p {l) = O p {e cyc \)) and write £ cyc i — ex accord- 
ing to the decomposition Z p = (Z/pZ) x x Z p . We write p (£oo) for the O p module 
of rank 1 with Galois action given by e<x>. 

Lemma 4.1.3. There are isomorphisms of A-modules 

H«,(T p (x)(fc)) ® O p { £oo ) - H« (TpOce- 1 )^ + 1)) 

and 

HLCTp&X*)) ® Opfcoc) = H^CTpOte- 1 )^ + 1)). 
XTie parity of x £_1 * s minus the parity of \. 



Proof. See |RyJ 6.2.1. □ 
Lemma 4.1.4. T/ie following A-modules are zero: 



Hjtoxni - fc))* = o = Hg, c (r p (x)(*)). 



Proof. The A- module lim n iJ 2 (Z[(pri E p /O p (l — k)) is independent of A; and is 
zero by |Sch| paragraph 4, lemma 7. 

As the functor lim is exact in our situation and H 2 is right exact for p ^ 2, we get 
a surjection ^^[^[l/p], £ p /0 p (l - fc)) -> H2,(T p (x)*(l - fc)). The group 
Hg, c (T p (x)(fc)) is the inverse lim it of ff °(Q p (g) Q„, T p (x)(k)), which is zero for k^O 
for weight reasons. With lemma 4.1.3 we get the statement also for k = 0. □ 
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We define, following Kato, a Selmer group: 
Definition 4.1.5. Let 

H^ (T p (x)(*)) := Cdker{K\ oc {T p { X ){k)) - H^(T P ( X )*(1 - &))*) 

and 

Hf oc>0 (T p (x)(fc)) := Coker(H2 10 (T p ( X )(fc)) - H|(T p ( X )(fc))) . 
The following sequence gives a connection between the A-modules defined above. 

Lemma 4.1.6. The Poitou-Tate localization sequence induces for all k G 7L exact 
sequences 

- H^Tp&Xfc)) -> Hj oc (T p (x)(A;)) - Hj,(T p (x)*(l - fc))* - H^ (T p ( x )(fc)) -> 0, 
- Hf oc , (^(x)(fc)) - Hf oc (T p ( X )(fc)) n sl (T p (xT(i - k)T -> 0. 

Proof. By biduality the functor Jim is exact on the Poitou-Tate localization sequence. 
It suffices to see that 

H^(T p ( X )*(l-fc))* =0, 



which is the content of lemma 4.1.4. □ 
The elements 

Ck(®n/Q)(x) =coresQ (Cp „ +l)/Q7i c k (( pn+1 )( X ) G H 1 (Z n [l/ p],T p ( X )(k)) 
are compatible with corestriction. 

Definition 4.1.7. The cyclotomic element in H^(T p (x)(k)) is defined to be 
c fe (x) := Jim IlCfe (Q„/Q)( X ) G H^(T p (x)(fc)). 

Lemma 4.1.8. Under the isomorphism Hh(T p (x)(k)) = Hgj(T p (xe _1 )(fc + 1)) o/ 



lemma J^.l.h the element Ck(x) maps to Ck+i(x £ )■ 



Proof. Clear from the definition of Ck(x)- d 

4.2 The main conjecture of Iwasawa theory 

In this section we formulate the main conjecture of Iwasawa theory. 
Define 

2 

det A Rr gl (T p ( X )(fc)) := (g)dct A - 1)! H» 1 (T p (x)(fc)). 

4=0 

Denote by Q(A) the total quotient ring of A. 
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Proposition 4.2.1. Let \ be a Dirichlet character of conductor N 
a) Ifx(-l) = (-I)* -1 , then HL(T,( X )(fc)) ®A Q(A) = for i = 0,2, HL(T p ( X )(fc)) 



/ias A-rank 1 and 

(H^(T p (x)(fc))/Ac fc (x)) ® A Q(A) = 0. 

_ffence, 

det A Ac fc (x) ®a Q(A) S det A H^(r p (x)(A)) ®a Q(A). 
in particular, this gives an isomorphism 

* : det A Ac fc (x) ®a 0(A) S detX 1 Rr gl (T p (x)(fc)) ®a 0(A). 
6j // x (-l) = (-l) fc , then fori = 0,1,2 

Hj,(T p (x)(A))®AQ(A)=0. 
In particular, one has an isomorphism 

* : 0(A) S detX 1 Rr gl (T ?) ( x )(fc)) ® A Q(A). 
Froo/. The module Bft(T p (x)(fc)) is zero. Hence, Eft (T p (x)(fc)) ®a 0(A) = 0. The 



result from 4.1.4 that H 2 (T p (x)*(l — fc)) = implies by proposition 1.3.2 from 
[ jPR3] that Hgi(T p (x)(fc)) is a torsion A-module and that U 1 gl (T p (x)(k)) has A-rank 
1 if x(— 1) = ( _ l) fe_1 an d A-rank 0, if x( — 1) = (~l) fc - It remains to show that 
Hg[(T p (x)(£;))/Acfc(x) is A-torsion. It suffices to consider k < 0. As before T = 
Gal(Qoo/Q). It suffices to to prove that U^(T p (x){k))r/O p c k {l)(x) is O p -torsion. 
H gi( T P^)( fc )) r c ijl ( z [ 1 /p]> T p(x)) has Op-rank 1 by the formula for the Euler- 
Poincare characteristic and because T-invariants and r-coinvariants of Hgj(T p (x)(fc)) 
have the same rank. Finally by corollary 3.2.7 , Cfe( X ) £ Hgj(T p (x)(fc))r is non- 
torsion. □ 

The main conjecture can now be formulated as follows: 



Main Conjecture 4.2.2. [Theorem 4.4.1 1 (equal parity case) 

Let x be a character with x(~l) = (— l)* -1 - The element Cfe(x) is mapped to 

a generator of the free A-module 

det^ 1 Rr gl (T p (x)(fc)) 



under the isomorphism ^ in proposition J^.2.1 a). Equivalently, and the Poitou-Tate 
sequence induce an isomorphism 

det A (Rr loc (T p (x)(fc))/Ac fe (x)[-l]) = det A (Rr gl (T p (x)*(l - fc))*) . 

Remark: For p \ $(AT) it follows from the main conjecture as shown by Mazur and 
Wiles [MaWi], Under this condition it was also proved directly by Rubin [Ru|. 
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Let r = Gal(Qoo/Q). As before we decompose the cyclotomic character e cyc i = 
s x £oo. For every continuous character r : T — > O* define the twisting map 

Tw(t) : A -> A 

by 7 m ^(7)7- Denote also by Tw(t) the map induced on Q(A). The character r 
also induces a map r : A — > O p . If g : A — > O p denotes the augmentation map, we 
have 



g(Tw(r)(f))=T(f) 

for any element / e A. We extend the map r to Q(A) by r(f/g) — T(f)/r(g), 
whenever r( g) ^ 0. Let x be a Dirichlet character of conductor N and 1) = (— l) fc . 
Recall from [WaJ theorem 7.10, that there is for k > 1 an element C p (x, 1 — fc) £ Q(A) 
such that g(Cp(xi 1 — &)) = (1 — x(p)p fe_1 )-k(X) 1 — It is characterized by the fact 
that for all characters r : T — > 0* of finite order 

r- 1 ^^, 1 - *)) = (1 - xr^-^LOcr, l-k). 



Remark: The power series / in [Wa theorem 7.10 is related to our C p (\ 1 1 — k) 
as follows. Write x £ ~ k — ® T with 9 of the first and r of the second kind. Then 
Tw{r- x e k - 1 ){f{t,e))=L p { X A-k). 

Definition 4.2.3. Let \ be a Dirichlet character with x(— 1) = (— l) fe - For k > 1 we 
call the above C p (x, 1 — fc) G Q(A) £/ie p-adic F-function at k — 1. For < 1 w define 
Cp{x, l-k) e Q(A) as Tw(£^ fc ')£p(x£ fc '~ fc , 1 - fc') for some k' > 1. 



Main Conjecture 4.2.4. [Theorem 5.1.3| (unequal parity case) 

Fet p 7^ 2 and x ^ e a Dirichlet character with 1) = (— l) fc . T/ien i/ie isomorphism 
ip from \j.2.f[ b) 



Q(A) S det^'Rr^^- 1 )^)) ®a Q(A) 
maps the p-adic L-function C p (x, 1 — fc) ^ « generator of det^ 1 TIT (T p (x~ 1 )(k)) ■ 



Remark: This result is already due to Mazur and Wiles [MaWi] 



4.3 Application of the Euler system to Iwasawa modules 



The general theory of Euler systems as developed by Kato Ka4], Pcrrin-Riou PR4 
and Rubin [Ru| allows us to prove a result about the determinants of certain Iwasawa 
modules. Wc follow the formulation by Rubin. 

Theorem 4.3.1. Let x be a character with x(— 1) = (— 1) , then 
detl 1 (Hi 1 (T p ( x )(fc))/A Cfc (x)) C dct^H^^xXfc)). 
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Remark: This should be formulated as follows: the element Cfc maps to a generator 
of the invertible A-modulc 

det^H^xXfc)) ® det A H^ (T p ( X )(fe)) 

in detA 1 Hi 1 (T p (x)(fc))«>AQ(A). Observe that we have Hg 10 (T p (x)(fc)) ® A Q(A) = 0. 

Proof. By propositio n [4. 2.1 a) Hg 1 (T p (x)(^)) has A-rank 1. We check the prerequisites 
for theorem 2.3.3. in [Ru|. These are called Hyp(_ftT 00 /i ; C) and Hyp(K 00 ,T p (x)) m loc. 
cit. As K — Q and Koo = Qoo, the hypothesis Hyp(i4T oc / K) is trivially verified. For 
Hyp(K 00 ,T p (x)) we take r = id. Note that although our O p is a product of discrete 
valuation rings, the theory of Rubin still goes through, beca use we can apply it to 
every factor. The module called Xoo in theorem 2.3.3. in Ru] is our (T p (x)(fc))- 
Rubin defines 

ind A (c fc ) := ($(c fc ) : $ G Hom A (H^(T p (x)(A)), A) } C A. 
By the classification theory of A-modules there is a pseudo-isomorphism 

e:Hi 1 (T p ( X )(fc))^A©H t 1 ors 

where Hj ors is A-torsion. The index indA(cfc) = indA(f?(cfc)) is given by the ideal 
det" 1 A/ pri (g(c k ))A. There is an exact sequence 

- K - (A © HL,) /e(cfc) - A/pri(e(c fc )) - 0. 

As det -1 if cA this implies 

det^ 1 (H gl (T p (x)(fc))/Ac fe (x)) C ind A (c fe ). 

Kato's observation, | Kal| propo sitio n 6.1., shows that char(Xoo) = dct^ 1 (X 00 ). Fi- 
nally theorem 2.3.3 of Rubin in [Ru tells us that 

ind A (c fc ) C det^Xoo). 

This gives the result stated in the theorem. □ 



The exact sequence in lemma 1.1.6 allows to reinterpret this: 
Corollary 4.3.2. Let x be as in the theorem, then 

detl 1 (H 1 1 oc (T p (x)(fc))/Ac fc ( X )) C det^H^x)* (1 - k))* 

holds. 



Our aim is to strengthen corollary |4. 3. 2| to: 

Theorem 4.3.3. Let x be a Dirichlet character of conductor N with x(— 1) = (— l) fc_1 , 
then 

det A (Rr loc (T p (x)(fc))/Ac fe (x)[-l]) C det A Rr gl (T p (x)*(l - k))*. 
Equivalently, 

det A Ac fc (x)[-1] => det A (Rr gl (T p (x)(fc))) . 
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The proof of this theorem will be given at the end of this section. 



Remark: a) This is to be interpreted in the same way as theorem 4.3.1. 



b) Note that by lemma 4.1.4 and the second exact sequence in lemma 4.1.6, to prove 
the theorem it is enough to show that 

detX 1 (Hl c (T p ( x )(k))/Ac k ( x )) ® det A H 2 OCi0 (T p ( x )(fc)) c det^H^xHl - fc))*. 
Thus, it is necessary to study the module H^ oc o(^j>(x)(^))- 

c) As will be shown by the explicit computation, the existence of the error term 

o(-^(x)(^)) is related to trivial zeroes o f th e p-adic L-function. The problem 
already appears in Rubin's case p \ $(AT), see [Ru thm. 3.2.7. If \ is purely ramified, 
e.g., N — p (the very first case treated by Euler system methods), the error term 
vanishes because it cancels against a global term. 

For a A-module M denote by M p := M ®\ A p the localization of M at p. A 
Dirichlet character x induces a finite character \ : T — > O*, which extends to a map 
X '■ A — > O p via 7 i— ► x{l)- Let Cl x ^ e ^ ne kernd of x _1 : A 
prime ideal of height 1 and a principal ideal (generated by x(7o)7o 
topological generator of T) . 

Proposition 4.3.4 (see 6.1.l| , |6.1.2[) . Let x be a Dirichlet character and G 
l P /Qoo®Qp), then 



O p . Then a x is a 
1 where 70 is a 



H 2 



loc 



(T P ( X )(1)) = 



finite ifx\c 
T p (x) ifx\G 



= 1. 



In particular, the localization at all prime ideals p ^ a x of height 1 is det Ap H 2 oc (T p (x)(l))p 



Proposition 4.3.5 (see 6.2.1 ). For all characters x with x(— 1) = 1, 

^UTp{xT)l x = 0. 

In particular detT 1 H^(T p (x)*)* = A„ x . 



Proposition 4.3.6 (see 6.3.3). Suppose that the conductor of x * s n °t a p-powcr 
and that \(— 1) = lj then 



dct Aa 1 



(H 1 1 oc (T p (x)(l))/A Cl ( X )) o Cdet^ 1 Hl c (T p ( X )(l)) ax 



Before we can prove theorem 4.3.3, we need one more observation: 
Lemma 4.3.7. Suppose that the conductor of x is not a p-power, then 

dct A H 2 oc ,o(r p (x)(l)) = dct A H 2 oc (T p ( X )(l)). 
If the conductor of x is a p-power and x{~ -0 = 1; then 



dct A H 2 (T p (x)(l))=A. 
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Proof. If the conductor of x is n °t a p-power, then x is n °t trivial over Qoo and 
the map Hj 2 oc (T p (x)(l)) — > Hj 2 oc (Xp(x)(l)) is a pseudo-isomorphism, because the 
cokernel is the finite group Hgj(T p (x)*)*- 11 the conductor of x is a p-power, then x is 
trivial over Qoo because of our assumption \{— 1) = 1. Hence Hgj(T p (x)*)* — T p (x) 
and the map 



HL(T P W(l))-H°(T p ( X )7 



is the identity by 4.3.4. This implies that Hf oc (T p (x)(l)) = 0. 



□ 



Proof, (of theorem 4-3.S): First of all it is enough to consider k = 1. We use the 
remark after th eorem 4.3.3 . If the conductor of x is a p-power, there is nothing to 
show by lemma 4.3.7 . From now on assume that the conductor of x is not a p-power. 
Again by lemma 4.3.7| we have to show that 



det^ 1 (H 1 1 oc (T p (x)(fc))/Ac fc ( x )) ® det A Hl c (T p ( X )(k)) C det^H^T^ (1 



As A is a regular ring, the determinant of a A- module is determined by its localizations 
at all primes of height 1, see Kal| proposition 6.1. Proposition 4.3.4 and corollary 
4.3.2 imply the theorem after localization at a prime ideal of height 1 different from a x . 
After localization at a x , the statement follows from 4.3.5 and 4.3.6. The equivalence 
with the second statement follows from the Poitou-Tate exact sequence. □ 



4.4 The proof of the main conjecture 

In this section we reduce the main conjecture to the Bloch-Kato conjecture for r 



i.e., the class number formula proved in 2.3.1 



Theorem 4.4.1. Let x be a character with x(~ 1) — ( — l) fc 1 , then the main con- 
jecture J)..2A is true, i.e., the element Cfc(x) defined in ^.l.l maps to a generator 
of 

det^CRiVCr^xXfc))). 

The proof occupies the rest of this section. We use that the main conjecture is 
invariant under twist. We will prove it for k = and not for k = 1. The reason is 
that we have to avoid zeroes of the local L-factors. 

Let X be the set of characters x with x(~ l) = ~ 1 an d conductor dividing some 
fixed N. Given the inclusions of theorem 4.3.3| for all x S X, 



det A (Ac (x)[-1]) D det A (RT gl (T p (x))) , 
it is enough to prove that the inclusion 

det A ( Ac (x)[-1] D detA I RT gl (0 T P ( X )) 



is an isomorphism. This is a standard trick in Iwasawa theory. 
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Lemma 4.4.2. The above inclusion is an isomorphism if and only if it is an isomor- 
phism after tensoring with A/a. 

Proof. As A is a local ring and a is contained in its radical, this is just Nakayama's 
lemma. □ 

Note that a is the augmentation ideal so that the tensor product with A/a just means 
to take the coinvariants under T — Gal(Qoo /Q) , thus 



det A Rr gl [ T p ( X ) ®\ A/a £ det 0p i?r Z[l/p], T p ( X ) 



On the other hand, we know from proposition 4.2.1 that (§) xeX Aco(x) is a free A- 
submodule of (® xeX T p (xij > so that we have to show that 



det 0p O pC0 (l)(x)[-l] = det 0p iZT Z[l/p], T p { x ) 
\xex J \ x ex 

An Op-generator of t he lef t hand side is IIxex c o(l)(x) an d the claim is just the 
statement of corollary 3.3.4. This proves the main conjecture. 



5 Proof of the Bloch-Kato conjecture 

We now want to prove the Bloch-Kato conjecture. Note that there are four cases: 
The character x can have the same parity as r, this is the equal parity case or the 
parities are different and we are in the unequal parity case. Moreover r can be > 1 
or we can have r < 0. This makes four cases. If we compare with the program laid 
out in section 2.1, we see that points 1 and 2 have meanwhile been settled. 



5.1 The Bloch-Kato conjecture in the equal parity case and 

r > 1 

Theorem 5.1.1. Let x be a character with x(— 1) = (— l) r with r > 1, p ^ 2, then 
the p-part of the equivariant Bloch-Kato conjecture is true for V(x) and r and the 
cyclotomic Z/p n -extension Q n /Q- 



Proof. Let G n = Ga,[ 
k = 1 — r 



We have by the main conjecture 4.4.1 for x 1 with 
det A (Ad-r(x _1 )[-l]) = det A (lir^Tpix- 1 )^ - r))) 



and if we tensor this equality over A with O v \G n \ an d use lemma 3.3.1, we get that 
the element ci_ r (Q„/Q)(x -1 ) as defined before |3.3.3| maps to a generator of 



det 



O p [G„ 



(i?r(Z„[l/p],T p ( x - 1 )(l-r))) 



(compare [Kal lemma 6.3.). By corollary 3.3.3 this implies the equivariant Bloch- 
Kato conjecture. □ 
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Note that the theorem includes the absolute Bloch-Kato conjecture for \ U P to 
powers of 2. Applying the functional equation (proposition B.1.3| ), we get from this: 

Corollary 5.1.2. Let x be a character with 1) = (— l) r_1 with r < 0, p / 2, 
then the p-part of the equivariant Bloch-Kato conjecture is true for V(x) and r and 
the cyclotomic TL j p n - extension <Q>„/Q. 

Corollary 5.1.3. Let p =/= 2. The Main Conjecture of Lwasawa theory holds in its 
second form 4-2.4, i.e., for x with x(~ 1) = ( — l) r 1 an d r £ TL, the isomorphism 



4.2.1 b) 



Q(A) S det A 1 Rr gl (T p ( x - 1 )(l - r))®Q(A) 

maps p-adic L-function C p (x, r ) ( see 4-2.S) to a generator of det^ 1 Rr(T ; ,(x _1 )(l — 
r)). 

Proof. It suffices to consider one r. We take r < 0. Let Q and P be the characteristic 
power series of H^Tpfo-^l-r)) and H^TpO^Xl-r)). Then the lattice defined 

by detX 1 Rr(T p (x _1 )(l - r)) C Q(A) is generated by P/Q. On the other hand 
C p (x, f) = g/h with g, h £ A. We have to show that 

(P/0 - 

as ideals of A. 

As above let G n = Gal(Q„/Q). Let P n ,Qn,gn,h n be the images of P,Q,g,h 
in O p [G n ]. The modules H l l (T p (x~ 1 )(l — r)) arc not only A-torsion but in addition 
H^(r p (x _1 )(l-r))®Op[G n ] is finite because all cohomology groups of PL(Z„[l/p], T p (x _1 )(l- 
r)) are finite. Hence P n ,Q n € P p [G„]* and the lattice defined by 

det- 1 Pr(Z„[l/p],T p ( X - 1 )(l - r)) S det- 1 Rr gl (T p ( x - 1 )(l - r)) ® p [G n ] 



in P p [G n ] is given by P n /Qn- By definition of the p-adic L-function 4.2.3 we have for 



all characters r of Gal(Q„/Q) the equality 

T~ X (g n lh n ) = (1 - Tx(p)p r )L(TX,r) = L {p} (TX,r), 

where r : P p [G„] — > Pp. By definition of the equivariant L-function [1.5.1 with the 
Euler factor at p removed, this implies g n /h n = Lr p \ (Q n /Q, V(x)> r )> Taking the 
Eulcr factor from 1.2.5 into account, the equivariant Bloch-Kato conjecture in this 
case ( |5.1.2| ) implies 

{Pnh n ) = {g n Qn) 

as ideals in O p [G„]. Recall from flWafl proof of Theorem 7.1 that the kernel of P [[T]] 



A — » O p [G n ] is contained in (p, T) n+1 . Hence the equality of ideals in O p [G n ] implies 
Phef){(gQ) + (p,TT +1 ) = (gQ) 



because the (p, T)-adic topology on A is separated. Conversely, gQ £ (Ph) and we 
have proved the claim. □ 



8<s 



5.2 The Bloch-Kato conjecture in the equal parity case and 

r < 



We start by recalling a theorem of Beilinson [Be] (as corrected by Neukirch [Ne] and 
Esnault [ |Es|| ) which gives elements in motivic cohomology mapping to the polyloga- 
rithm in Deligne cohomology. More precisely: 



Theorem 5.2.1. (Beilinson [Be], Neukirch t Nej, Esnault t Et]) There is an element 
for k > 1 



such that 



b k (C N ) e#jU(Z,V(Q(Ov))(fc)) 



>(MCiv)) = (-Li k (aC N ))*eG G V B (Q(( N ))(k - 1) 



The next result computes the regulator of fofc(Ov) in H 1 (Z[(n][^/p], E p (k)). This 
was first proved by Huber and Wildeshaus Hu-Wi| cor. 9.7 f ollowin g Beilinson and 
Deligne. A different approach to the theorem is developed in |Hu-Ki |. 

Theorem 5.2.2. ( jjHu- W$ cor. 9.7.) Fork > 1, the image ofb k (( N ) E H y M (Z, V(Q(6v))(fc)) 
under the map r p is 



jvfc-i( fc _ 1 )i g *(Cjv) e H\i.[(; N \[i/p),E p {k)). 



Proof. This is corollary 9.7. in [Hu-Wi] combined with lemma 3.1.7 and [Hu-W] 
lemma B.4.9. □ 

Remark: For k = 1 the Beilinson element is &i(Gv) = 1 — Civ- This is not an element 
of ffJU(Z, V(Q(Cjv))) = Z[Cw]* ® -E if N = Z* is a prime power. However, even in this 
case, its x-component for x / 1 



h(x) ^Px- 1 ^ - Cjv) =-P x - 1 



(i-OO 



i 



i^{i 



is in fact an element of ffw(Z, V(x)(l))- The formula of the last theorem holds with 
Ci(Cjv) the class of 1 — £jy in Galois cohomology. Again its x-component is an element 
of i? 1 (Z[l/p], V p (x)(l)) for x 7^ 1- This suffices for the computations in the sequel. 

Theorem 5.2.3. Let r < and x(-l) = (-l) r for r = 0, x(~l) = 1 and \(p) + I), 
then the Bloch-Kato conjecture for V(x) an d r * s true up to powers of 2. 

Proof. We first repeat the computations used in the proof of the Beil inson conjecture 
in this case. The fundamental line for V(x) and r = 1 — k (see 1.2.2 ) is 

A f (V( X )(l - k)) = det^ 1 HU^Vixrik)) ® det £ V s ( X )(l - k). 
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We identitfy V{xY — ^(x^ 1 ). Let ts(x _1 ) be as in 3.1.1. Let p x be the projector 
onto the x _ eigenspace and let 6/c(x _1 ) :== Px&fc(Civ)) where N is the conductor of X- 
We claim that the element 



N k ~ 1 (k - 1)! 



maps to (L(x, 1 — fe)*) 1 under the isomorphism 

A f (V( X )(l~k))<E>R = E 



Theorem 5.2.1 implies that r M maps — — — ^ ^ ! frfc(x 1 ) to 



N k - X {k - 1)! 



^X^ 1 (r)^ fe (rC J v)i B (x- 1 )- 



(-1) 



Using the functional equation 3.2.3 and the fact that the L-function has residue 
yrp at s = 1 — k, this is 



L( Xl i-kr(2 m ) k -H B ( x - 1 ) 



Thus the Bloch-Kato conjecture with the lattice T v (x 1 ) v C V p (x) says that 5 is a 
generator of det 0p i?L c (Z[l/p], T p (x _1 ) v (l - k)). Using |l.2 5|for t he local Euler factor 
(it applies as (1 - x(p)p fc_1 ) ¥= if jfe ^ 1 or x(p) / 1) and |l.2.10| , this is equivalent to 



(1 - x(p)p )r P 



N^ik-l)] 



bkix- 1 ) 



being a generator of det^i?r(Z[Cjv][l/p], T p (x _1 )(fc)) for all p. With theorem |5.2.2| 

and the relation (1— x(p)p fc_1 )cfe(l)(x J ) = c fc(l)(x 1 ) ! this means that ^-Cfc(l)(x _1 ) 
has to be a generator of deto i?r(Z[l/p], T p (x^ 1 )(k)). The main conjecture implies 
that 



det A (AcfeCx- 1 )!-!]) = dct A (RTgi(T p (x -1 )(&))) 



so that 



□ 



det Cp (OpPfc(l)(x _1 )[-l]) = det Gp {RT gl (Z[l/p}, T^M)) , 

i.e., Cfe(l)(x~ 1 ) is a generator of det^ RT(Z[l/p], T p ( X ~ 1 )(k)) as claimed. 

Applying the functional equation (proposition B.1.3] ), we get from this: 

Corollary 5.2.4. Let x be a character with x(— 1) = (— l) r_1 with r > 2, then the 
Bloch-Kato conjecture is true up to powers of 2 for V(x) and r. 
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5.3 The Bloch-Kato conjecture for r = 0, 1 

Using the main conjecture in its second form we can now prove the unequal parity 
case x( — 1) = ( — and r = 0, 1. For r ~ we still have to assume x{p) 1- 

Theorem 5.3.1. Let x be a character with x(~ 1) = — 1 an d x(p) 1- Then the 
Bloch-Kato conjecture for V(x) and r = is true up to powers of 2. 

Proof. We have 

A f (V( X )) = E 

and we have to show that the element (1 — x(p))T(Xi 0) maps to a generator of 

det^ J Rr(z[i/ P ],r p ( x - 1 )(i)). 



Let g be the augmentation map on Q(A) as considered before |4. 2. 3| . Then q(jC p (x, k)) = 
(1 — x{p)P~ k )L{X: fc) for all k < 0. By the main conjecture in the unequal parity case 
proved in corollary |5.1.3 , we have that g(C p (x,0)) maps to a generator of 

defc^RIXTpOT 1 )^)) ® A O p S det i J Rr(Z[l/p],T p ( x - 1 )(l)). 

This proves the result. □ 

Remark: If x(p) = 1) then the main conjecture gives an isomorphism between 
deto p = O p and det^ i£T(Z[l/p], T p (x _1 )(l))- This does not tell us anything about 
L(x, 0)*. In fact, the leading coefficients of L(x, s) and (1 — x{p)P~ s )L{Xi s) at s = 
now differ by a transcendental factor. 

Theorem 5.3.2. Let x be a character with x{~ 1) = 1- Then the Bloch-Kato conjec- 
ture for V{x) and r = 1 is true up to powers of 2. 

Proof. If x is the trivi al cha racter, then V(x) — V(Q) and the result follows from the 
class number formula [2.3.1 . Suppose that x ^ 1. Let N be the conductor of x- We 
have 

A f (V(x)(l)) = det^ffjUZ, ^(X)(l)) ® det y DR ( X ). 



Let 61 (%) = Px- 1 ^ ~ Of) G ^JU(^i ^(x)(1)) as m the remark after theorem 5.2.2 
Similarly c^)(x) = Px^i 1 ~ Cat) G ^W/pL F P ( X )(1)). Consider 

& = «?P x -(0v) G A f (V( X )). 

The regulator ^ maps -|&i(x) to 1/2 ^ x(°') i *i( a '(Civ))*i3(x); which is L(x, l)T(x _1 )is(x), 
where t(x _1 ) := J2a=i X^ 1 ^)^ = X)<j x( cr ) cr (CA') is the Gauss sum. The identifi- 
cation Vdr(x)k — Vb(x)r maps p x -i(Gv) to T~(x _1 )iB(x)) so that 5 is the element 
which maps to L(x, l)" 1 under the isomorphism A/(V(x)) <8>q R = -E CS> R. We have 
to compare its image with some natural integral structure of 

det RT c (Z[l/p], V p ( X )(l)) = detRT f (Z[l/p], V p ( X )(l)) ® det" 1 RT f (Q p , V p ( X )(l)) 
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under the identification 1.2.7. Taking the Euler factor from 1.2.5| into account, the 
image of 8 is 



where the first element is mapped to Hl(Z[l/p], Vp(x)(l)) and the second to Hj(Q p , Vp(x)(l)). 
Note that we are in the case H % c (Z[\/p] : Vp(x)(l)) = for all i, hence we can also com- 
pare with the lattice O p C E p = det RT c (Z[l/p], V p (x)(l))- 
The image of — 1 ~ x (p >p — ci(l)(x) under the composition 

H}(Z[l/p],V p ( X )(l)) - H}(Q P ,V P ( X )(1)) ^ V DR ( X )®E P 



is 

2#G 



J2 log P (l - Cat) = (- ^x-C ^ X(a) l0g?,(1 " G) ) 



The conjecture allows the choice of lattice in V p (x) and we use T p (x x ) v . Hence it 
remains to show that the element 

of £ p is a generator of det iZr e (Z[l/p], r p (x~ 1 ) v )(l)) = det i?r(Z[l/p], T p (x -1 )). By 
the main conjecture |5.1.S it is indeed g enera ted by g(C p (Xi 1)) w here g is the aug- 
mentation of Q(A) as considered before 4.2.3| . The formula from [Wa] theorem 5.18 
together with our normalization of the isomorphism Gal(Q(£jv)/Q) with (Z/N)* gives 

g(£ p ( X , 1)) - -(1 - X^P- 1 )^- £ Iog P (l - 

The claim follows using the relation t(x)t(x~ 1 ) — N. □ 



5.4 End of proof of the Bloch-Kato conjecture 

Theorem 5.4.1. The Bloch-Kato conjecture is true for all abelian Artin motives. 

Proof. Extension of coefficients is faithfully flat, hence it suffices to prove the conjec- 
ture after extension of coefficients. Every abelian Artin motive is the direct sum of 
motives of the form V(x) f° r Dirichlct characters x after an appropriate exte nsion , 
so it suffi ces to prove th e theo rem for th ese. C ollecting our r esults in theor em 5.1.1 , 
corollary 5.1.2 , theorem [5.2.5 , corollary 5.2.4 , theorem 5.3.1 and theorem 5.3.2 , we 
see that onl y the case r — and x{p) — 1 is still missing. We get the final case by 
proposition B.1.2 via the functional equation. □ 
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6 Investigation of some Iwasawa modules 



In this section we prove some structural results about Iwasawa modules, which are 



only needed for theorem 4.3.3 and thus can be skipped at a first reading. For the 



definitions of the A-modules we refer to 4.1.2 



6.1 The Iwasawa module Hf oc (T p (x)(l)) 

In this sect ion w e investigate Hj oc (T p (x)(l)), which is necessary for the proof of 



proposition 4.3.4. 



Lemma 6.1.1. Let Goo iP := Ga^Qp/Qoo <g> Q p ), then 
Hf oc (T p ( X )(l)) = 



finite ifx\G x>p ¥= 1 > 
T P (x) ifx\a oa , p = l- 



Moreover there exists n such that Hf oc (T p (x)(l)) = H 2 (Q n ® Q p , T p (x)(l)). 

Proof. As Hf oc (T p ( X )(l)) = H° oc (T p ( X )*)* we get that H? oc (T p ( X )(l)) are the coin- 
variants T p (x)g 00 p an d the statement of the lemma is clear. □ 

Corollary 6.1.2. Let x be a Dirichlet character and Goo jP as above, then 

*wn.pvww>"{t- ltz = l 

where a x is the kernel of x 1 ■ A — > O p . In particular, the localization detA p Hj 2 oc (T p (x)(l)) p 
Ap for all prime ideals p ^ a x of height 1 . 

Proof. Consider the computation in lemma |6.1.1| . In the first case, the corollary 
follows from the fact that the determinant of a finite A module is trivial. In the second 
case, it follows from the fact that x(7o)7o — 1 generates a x (where 70 generates F) 
and T p (x) — ^/(x(lo)jo — 1) as A-modules. □ 

6.2 The Iwasawa module Hj,(T p (x)*)* 

In this section we prove 4.3-4 Let a x be the kernel of x '■ A — > O p . 



Proposition 6.2.1. Let x be a character with x(— 1) = 1, then the module 

(nUT p ( X yr) a =0 



Proof. Let x = ^ r where 9 is of the first and r of the second kind, r can be viewed 
as a finite character of T = Gal(Qoo/Q). Fhe statement remains invariant under 
twisting with r _1 (which is trivial over Qoo), hence it suffices to consider the case 
t = 1, i.e., a x ~ o is the augmentation ideal. 
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Let k(o) be the residue class field of a. By Nakayama's lemma it is enough to 
show that «(a) ® Ao (H^(T p (x)*)*)a = 0. 
As A/ a = O p it suffices to show that 

A/a® A (H^OOT) 
is finite. By the definition of A = p [[T]] we have to show that the T-invariants 

(H^(T p ( X )*)) r )* 

are finite. The Hochschild-Serre spectral sequence gives 

- H\T,H%(T p ( X y)) - H\Z[l/p],T p ( X y) H^(r p (x)*) r - o, 

because r = Z p has cohomological dimension f . The group in the middle is finitely 
cogenerated. It suffices to compute the corank of the cokernel. We compute the rank 
of H 1 (Z[l/p],T p (x) V ) via the Euler-Poincare characteristic 

2 

j2(-iy^ Ep wm/p},v p ( X ) v ) 

i=0 



which is equal to by ]Ja[ , lemma 2, as x(— 1) = 1- We know by [3ch] paragraph 
7, Satz 2 that H 2 (Z[(^)[l/p], E p ) + (where 4- denotes the invariants of complex con- 
jugation) is zero because Leopoldt's conjecture is true for Q(£jv)- This implies that 
H 2 (Z[l/p], V p (xY) is zero, because it is a direct summand. 

If X ^ 1 is not the trivial character H°(Z[l/p], V p (xY) = and hence rk Bp H 1 {Z[l/p} 1 V P (\Y 
in this case. Hence the corank of H l (Z[l/p] : T p (x)*) is also 0. 

If X = f is the trivial character, the same argument shows that H 1 (Z[l/p],T p (x)*) 
has corank 1. However, in this case H 1 {r,H° l (T p (x)*)) also has corank I. □ 

6.3 The Iwasawa module H 1 1 oc (T p (x)(l)) 

We show proposition 4.3.6. As before let a x be the kernel of x _1 : A — > O p . Recall 
from section [O] the definition of Hjj(Q p ® Q„, Vp(x)(l)) and let 

H} / (F p (x)(l)) := ym n H) f (Q p ® Q n , F P ( X )(1)). 

We will later consider the canonical map 

H 1 1 oc (T P (x)(l))^H} / (^(x)(l)). 

the next lemma shows that the image of this map is a finitely generated O p -module 
and computes its determinant. 



Lemma 6.3.1. The A ®o v E p -module Hj^ (Vp(x)(l)) is a free module of finite rank 
det Aax H; / (t/ p (x)(l))a x = det Aox H? oc (T p (x)(I))a x 



over E p . Moreover 
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Proof. We show first that the inverse limit defining H^(Vp(x)(l)) is in fact constant. 
By duality 

Hj(Q p ® Q n , Vpix- 1 )) = H} f (Q p ® Q„, U p (x)(l)) v 



and the exact sequence in section 1.1 



-> ff°(Q p ® Q„, FpCx- 1 )) -> D cris (F(Q„) ® ^.(x -1 )) 

£>cr ls (F(Q„) (8) ^(x -1 )) -> ff/(Q P ® Qn, Vp(x _1 )) -» 

implies that rk Ep Hj(Q p ® Q n , y p (x -1 )) = rk £p ff°(Q p ® Q„, V p (x -1 )) and the lat- 
ter is constant for n ^> 0, because Q n is totally ramified at p. This implies that 
Hyj(Vp(x)(l)) is a free module of finite rank over E p . We compute the determinants 
using the above exact sequence for n big enough: 

det A( , x H} / (^( X )(l))a x =det Aax ff / 1 / (Q p ®Q n ,y p (x)(l)) 0x 

S det^^CQp ® Qn, ^ p (x" 1 ))a x 
S det^if^Qp ® Qn, ^(X _1 ))a x 

S det Aox ff 2 (Q p ® Q„, V p ( X )(l))a x - 

Note that p ^ o x so that the map A — > A ax factors through A[l/p] = A ®e> p E p . In 
particular 

dct Aox i/ 2 (Q p ®Q n ,y p ( X )(l))a x =det Aax iJ 2 (Q p ®Q n ,T p ( X )(l)) 0x 
and by lemma |6.1.l| the last determinant is equal to 

det Aax H 2 oc (T p ( x )(l)) ax . 
This is the desired result. □ 

Lemma 6.3.2. Suppose that N is not ap-power, then the element ci(x) £ H 1 1 oc (T p (x)(l)) 
maps to zero in H^(Vp(x)(l))- 

Proof. By appendix ^ the map at finite level 

JT^ZntCp-tfHi/p], P (i)) ff x (Qp ® Q(Cp-jv), P (i)) -> ff//(Qp ® Q(Cp-jv), #„(i)) 

maps a unit in Z[C P "at] [1/p] x ® O p = H 1 (Z[( pn N]{l/p], C p (l)) to the system of its 
valuations in @ v \ p E p = Hjj:(Q p ® Q(Cp«jv), E p (l)). As AT is not a p-power the 
elements ci(£ p njv) = 1 — Cp™iv are units in Z[£ p njv], hence have zero valuation. Using 
the commutative diagram 

lim„H 1 (Qp®Q(C P »iv),0p(l)) ► lim n Hj f (Q p ®Q{( p n N ),E p (l)) 

I I 

h; oc (t p W(i)) > n) f (v p ( x )(i)) 

proves the claim. □ 
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As p is invertible in A 0x , we get a surjection 

(Hi oc (T p ( X )(l))/A Cl ( X )) ax - Hj^VpCcJWJa^ 

Corollary 6.3.3. Suppose that N is not a p-power and \{— 1) = 1, £/ien i/izs map 
induces 

det^ (H 1 1 oc (T p (x)(l))/A Cl ( X )) ax cdetX o 1 x H 1 2 oc (T p ( X )(l))a x . 

Proof. Let 

if := ker ((H 1 1 oc (T p (x)(l))/A Cl ( X )) clx - H^CxXl))^) . 

Then 

detX 1 x X®detX 1 x H} / (^( X )(l))„ x = detX^ (H 1 1 oc (T p ( X )(l))/A Cl ( X )) ax 

and det^ 1 if is an ideal in A ax because A ax is a discrete valuation ring. This together 
with lemma |3.3.1 implies the result. □ 



A A local computation 

The following lemmas are known to the experts but for lack of finding a precise 



reference we repeat the proofs here. They provide the proof of proposition [2.3.2 . 

We keep the notations of the main text. Let A' be a finite extension of Q p . Follow- 
ing Bloch-Kato we define H}{ A, Z p (l)) := l- 1 (H}(K, Q p (l)), where t : H l (K, Z p (l)) - 
-ff-^A, Q p (l)), and Hj f := H 1 /^. For an abelian group A we denote by A A := 
hm nJ 4 ®z Z/p n Z the p-adic completion of A. 

Lemma A.l. Let K be a finite extension o/Q p . Then 

H}(K,Z p (l)) = (o* K r 

under the identification H (K, Z p (l)) = (A*) A . 

Proof. Bloch-Kato show in |BlKa | p. 358 that their exponential agrees with the usual 



p-adic exponential in this case. Hence Hj(K, Q p (l)) C (A*) A ® Q p agrees with the 
image of the exponential which is {0* K ) A ® Q p . The preimage of this group in (A*) A 
is(0* K )\ " □ 

Corollary A. 2. There is a unique isomorphism 

H} f (K,Z p (l))^Z p 

compatible with 

ff 1 (A,Z p (l)) = (A*) A AZ p 
where v is the valuation map of K normalized such that v(ir) = 1 for a uniformizer. 
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Proof. By definition, Hj f (K,Z p (l)) is the image of ff 1 ^, Z p (l)) = (K*) A in H 1 ^, Q p (l))/Hj(K, Q p (l)). 
Hence it can be identified with (i^*) A /(0^-) A which is isomorphic to Z p via the val- 
uation. □ 

Proposition A. 3. Let F be a finite extension of Q. The Poitou-Tate localization 
sequence induces an exact sequence 

-> (OJ f ) A -> ^(Ojrtl/pJ.ZpCl)) -> if^(F®Qp,Zp(l)) C7(0 F ) A -» 

^i/ 2 (0 F [l/p],Z p (l)) ^i/ 2 (F®Q p ,Z p (l)) -^(OFll/pl.Qp/Zp)* - 0. 

Proof. We apply the previous corollary to the local fields in F ® Q p . In particular, 
we identify Hjj(F ® Q p , Q p (l)) = ©„| p Qp via the valuation maps. Thus the kernel 
of J ff 1 (0 F [l/p],Z p (l)) -» i? / 1 / (i ;i 8)Qp,Qp(l)) is (0* F ) A . On the other hand it follows 
from pen] that one has an exact sequence 



-» CT(O f [1/ p ]) a - i? 2 (0 F [l/p],Z p (l)) -f 

-^fl°(F(»Qp,Q!p/Zp)*-f ^(OHVPl.Qp/Zpr-^O. 

Let j : Spec0 F [l/p] — ► Spec0 F . The long exact sequence in Zariski-cohomology for 
the short exact sequence of sheaves 

yields 

-> 0* F -> O f [1/p\* 0Z CI(Of) -» CI(0 F [l/p]) . 

If we finally observe that iT 1 (0 F [1/p] , Z p (l)) = (0 F [l/p]*) A we get the desired result. 

□ 

Let -K"o be the maximal unramified subfield of K. Let F g be its residue field, 
q =pf. We have D als (lnd^ p Q p ) — B cx ^ — K Q . As before 4> is the Frobenius on £> cris 
normalized as in |Fc| 3.2. The fundamental short exact sequence 

— » Qp — > -B C ris H Bj^ — > i? cr is — > 0, 

induces 

- Q p - #o -> Hj(K,Q p ) -f 

where Fr is the geometric Frobenius in G(Ko/Q p ) = G(¥ q /¥ p ) by loc. cit. footnote 
p. 210. 

Lemma A. 4. TVie following sequence is exact: 

-> Zp -» o Ko 0* o Zp -> 
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Proof. We take the point of view of Z p [G] -modules with G = G(K n /Q p ). Then Ok 
is isomorphic to Z p [G] by choice of a primitive element lo. Note that this is possible 
because it is possible for finite fields and Kq is unramified. We have a commutative 
diagram 

> Z p > 

tr(w) 

* Z p > 

where A is the diagonal embedding, £ is summation, lo means muliplication by lo on 
the right. The first line is exact as the image of (Fr — 1) is nothing but the augmenta- 
tion ideal. In the second line, Z p is kernel of Fr — 1. Hence tr(w) is a unit of Z p . All 
vertical maps are isomorphisms, hence the second line is also exact as claimed. □ 

In particular: 

Corollary A. 5. The boundary morphism 5 : Kq — > Hj(K,Q p ) factors via the trace 
5 = 5' o tr and 5' tr(O/f ) is a natural lattice in Hj(K, Q p ). 

We do not need to know whether this lattice agrees with Hj(K,Zi p ), but rather: 

Lemma A. 6. Under the local duality isomorphism Hj^(K 7 Q p (l)) v = Hj(K, Q p ) the 
lattice Hjf(K,Z p (l)) w is identified with <5'tr(O^ ). 

Proof. Recall that H^K, Q p (l)) ^ (K*)^ <g> Q p and H^K^p) = Kora(G K , Q P ) ■ 
We have identified Hj^(K,Z p (l)) with Z p via the valuation map, i.e., a generator of 

Hjj(K, Z p (l)) v is the valuation map. Local duality maps the valuation map to the ele- 
ment 0^- o £ Hom(Gif , Q p ) which factors through Gk q and maps the arithmetic Frobe- 
nius of Kq to 1. Hence we have to show that 0^- generates tr (Ok ) C H x (K, Q p ). 
As Hj and Hjj are orthogonal under local duality, this is certainly true rationally. 

We first consider the special case K = Kq = Q p . Then Fr operates as the identity. 
In order to compute the 5(1) it suffices to construct a preimage under <j> — 1 in the 
Wittring W(F p ) C -B C ris H B^ R and note that on this subring the operation of the 
Frobenius of the Galois group and of the Frobenius in B CI i s agrees. The computation 
yields 5(1) = 4^. 

In general, we consider the commutative diagram 

o Ko — ^ Zp — ^— H^GkM 
f 

Zp — Zp — H 1 (Gq p ,Q p ) 

and note that the image of (j>q p in iJ 1 (Gif ,Q p ) is f(f>x - □ 

Remark: This computation is prone to normalization problems between arithmetic 
and geometric Frobenius. However, this is irrelevant for the lattice statements we 
need. 



1, 



Zp[G] -^-U Zp[G] 



tr(w) 



In 



o 



Fr -1 



A',, 
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Proposition A. 7. Let K be a finite extension of Q p . Under the compositic 



det" 1 RT /f (K,Q p (l)) det RT f (K,( 



E„ 



of local duality with the isomorphism of 1.2.4 the lattice det RT/j:(K, Z p (l)) is iden- 
tified with 7L p . 

Proof. The lattice on the left is 

det" 1 RT /f (K, Z p (l)) = det Hj f (K, Z p (l)) g> det" 1 iJ 2 (if, Z p (l)) 

Local duality identifies H 2 (K,ZJX)) = H°(K,Q p /Z p )* = H°(K,Z p ) v . The lattice 
in ifL was identified in lemma |A.6| . Hence det -1 RT/f(K, Z p (l)) is identified with 



det" 1 5' tr(0 Ko ) <E> det H°(K, Z p ) det Ka ® det" 1 C Ko 



Fr-l 



where we use Ok b — — -» Oif as integral structure of RTf(K,Z p ). By definition this 
integral structure is mapped to Z p by a. □ 



B The functional equation 



The aim of this appendix is to prove Conjecture |2.2.1| , (compatibility of the Bloch- 
Kato conjecture with the functional equation) in the case of Dirichlet motives and for 
r > 1. See the remarks after 2.2.1 for the cases which are in the literature. 



B.l Global considerations 

Let x be a Dirichlet character of conductor TV and r > 1 , O & finite extension of Z 
containing all values of x, (n = exp(2ni/N) and G the Galois group of Q(Ov) over 
Q. In parti cular, we have distinguished an embedding uq : Q(/ij\r) — * C. Recall from 
the projector 



section 



1.1 



P x -> ■ V(Q(Cn)) -> V(Q(Cn)) 



whose image is V(x)- Recall also that elements of Vb(Q(Cn)) are maps from the set 
of embeddings Q(£jv) — * C with values in E. We choose generators 

*dr(x) = P x - 1 (Cn) e V m (x) C Q(Cn) ® E 

tB(x) ^Px-'i 5 ^) ejJx-i(Vb(x))) 

*p(x) = *fl(x) ®^£V B {x)®E p = V p (x) 

Note that £dr(x) is a generator of p x -i(Z[/x/v] <8> C) as this group is generated by 
the set Pv-i(Cat) f° r * G Z/iV and these elements either vanish or are multiples of 
P x -i(Gv). 
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Lemma B.l.l. Let x be a Dirichlet character of conductor N . The element 

e 6 dot" 1 V B { X ){r) + ® det Vdr(x)W ® detF s (x) v (l - r)+ 
which is mapped to ^jT^fj^ under the isomorphism of the determinant with E 



defined in 2.2.1 



is 

2N r ~\r - 1)! (t B (x)(r) + ) _1 ® i DR (x)M ® t B (x) v (l - r) 
(up to sign depending only on r). 

Proof. By the functional equation for Dirichlet-L-functions 

L( x -\l-r)* _ ±2 _(r-l)\N r 



L(x,& T( x )(2TTiy- s 

where 

N 

rM=Ex(«)» = Ex(^MW 

0=1 cr£G 

is the Gauss sum and S = (resp. <5 = 1) if x and r have the same (different) parity. 
On the other hand we have to consider 

-> Vb(x)(0 + ® K ^dr(x) ® R -> VbfoXr - 1)+ ® R -> 

If r and x have the same (different) parity, then only the last (first) Betti-term 
appears. The comparison morphism maps tx>R,(x) to 



t(y _1 ) N 

X >t B ( X )(r-S)= - — —- tB (x)(r-S) 



{2iri) r - s T(x)(2ni) r - S 

□ 



Hence conjecture 2.2.1 predicts that 

2( r - iy.N r -h DR ( x ) 



is a generator of det 1 RT(Q p , T p (x)(r)) under exp p and the local identification 1.2.4 . 

Proposition B.1.2. Conjecture \2. 2. 1 holds in the case K = Q (i.e., non-equivariantly), 
r = 1, p 2, x restricted to the Galois group o/Q p is the trivial character. 

Proof. As x restricted to the local Galois group is trival, p splits completely. Hence 
Z[/x/v]®Z p = Z p . As part of the class number case (with F = Q) we have checked 
in section [2.3| that the lemma holds for the trivial character. Taking the sum over all v, 
this implies even that detz p [G](Z[/ZAr]<g)Z p ) is identified with det^^ i?r(Q p , © w | p Z p (l)) 
where G — Gal(Q(/i/v)/(Q)). Tensoring both determinants with O(x) over Z p [G] im- 
plies that a generator of p x -i (Z[/Xjv]<S>Z p ) is mapped to a generator of det^ RT(Q P , p (x)(l))- 
As remarked before, ^dr(x) is a generator of the O-module p x -i(Z[/ijv] ® 0), hence 
also of the p -module p x -i (Z|/tjv] ® Op)- □ 
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If K/Q is an abelian extension, X(K/Q) the set of characters of Gal(K/Q), then 
the equivariant version of conjecture 2.2.1 predicts that 



2(r-l)!(K-W"X)) u6Jf(Jf/Q) 
is a ge nerat or of det^ 1 [G a i(K/Q)] RT(K P) T p {x){r)) under exp p and the local identifi- 



cation 



1.2.4 



Proposition B.1.3. Conjecture \2.2.1\ holds for all Dirichlet characters, r > 1 and 



p 7^ 2 equivariantly for the cyclotomic extension 
The proof will cover the rest of this appendix 



Lemma B.1.4. If r > 1, then conjecture 2.2.1 holds equivariantly if and only if 
( 2(r-l)W:- 1 (l-a,- 1 x~ 1 (p) ? /- 1 ) 



•exp p (t DR (wx)) 



is a generator o/det^ [Gal(K/Q)] RT(K p ,T p ( X )(r)). 

Proof. It suffices to compute the image of our generator character wise. We write x 
for oj\- Recall that exp p : Vdr(x)(0 — * ^r(Q p , Jp(x)(r))[l] is a quasi-isomorphism. 
The whole point of the lemma is that the identification of determinants in 1.2.4| is not 
the one induced by the above quasi-isomorphism. It uses 

det" 1 KT(® p ,V p ( X )(r)) = det" 1 RT f (Q p , V p ( X )(r)) ® det" 1 RT /f (Q p , V p ( X )(r)) 
= det" 1 RT f (Q p , V p ( X )(r)) ® det RT f (Q p , ^(x _1 )(r)) 



and |1.2.4| on both factors. The fir st fac tor is quasi-i somo phic to RT(Q p ,V p (x)(r)), 
the second to zero. By proposition 1.2.E the lattice of 1.2.4 differs from the one given 

by 

det -1 RT(Q P , T p (x)(r)) ® det 
by the local Euler factors 1 — x(p)P~ r an d (1 — X -1 (p)P r ~ 1 )^ 1 ■ d 

B.2 Homological algebra 

From now on, x 1S considered as a local character of conductor N — N'p m where 
N' is prime to p. Let K = Q p (hn)- Let Kq be its totally unramified subfield 
and K n = Ko(fi p n) (this differs from the convention in section ^). In particular, 
Ka=Q p (n N >). 

Let T = Gal^oo/isTo), T„ = Gal^/^) and H = Gal(if Q /Q p ). We put 
G„ = Gal(if n /i^o) = r/r„ . In this section we let A := Unv^O p [[G n ]], which differs 
from the A in the main text. Our first step follows BlKa| 4.2 p. 367. We put 
P = Gal(K^/Koo), U = \im Ok JC P n V (or rather their pro-p-parts) . They are natural 
A-modules. There are exact sequences 



U -> P -► Z„ 
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and 



Z„(l) -» C/ ^> Ojf [[T]] - Zp(l) -» 



where Col is the Coleman map, see [BlKa| 4.2 for more details. 

Lemma B.2.1. The following K-modules are pseudo-isomorphic: 

H^K^T^xW)) -> Hom(P,r p ( X )(r)) H 

There are natural isomorphism of A- determinants 

deti?r(Q p , 00 ,T p ( X )(r))[l] =det- 1 J ff°(Q p , 00 ,T p ( X )(r))®detHom(F,r p ( X )(r)) H 

= dctHom(;y,T p ( X )(r)) ff 
= detHom ff (^ [[r]],T p ( X )(r)) 



Proof. If -ff has no p-torsion, then this is precisely [ BlKa|] 4.2, p. 367 and fol- 



lows immediately from the short exact sequences. Hence we consider only the case 
where H has p-torsion. This means that x( r ) is non-trivial over Q p oo and that 
#°(Qp,oo,T p (x)(r)) =0. 

The following arguments are very ugly, we apologize for this. We abbreviate 
T = T p (x)(r). The crucial observation is finiteness of 

H l {H, Hom(P,T)) 

for i > 0. We have the short exact sequence 

-> Hom(Z p , T) -> Hom(P, T) -> Hom(U, T) -> 

Hence 

H X {H,T) -> # 1 (#,Hom(P,T)) -> iJ' 1 (ff, Hom(C/,T)) -> H 2 {H,T) 

The first and last term are finite. We replace P by {/. We consider the triangle 

Z p (l) -^U^C 

with C = [Ok W\] -> Zp(l)] Hence 

-> Hom(C, T) -> Hom(Z7, T) -> Hom(Z p (l), T) 

This implies that the quotient is at most a finitely generated Z p -module without 
ff-invariants and hence 

H l {H,Uom(C,T)) — » H l (H, Hom(C7, T)) 

is again a pseudo-isomorphism. Finally, we have 

= Hom(Z p (l)[-l],T) -» Hom(C,T) -> Hom(0 Ko IF]], T) Hom(Z p (l)[-l], T[V\) = 
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and we have reduced the question to ^(H, Hom(O^ [[T]], T)). But this is an induced 
H- module as Ok is the free Z p [H] -module by existence of a normal basis. Hence its 
.ff-cohoniology vanishes. The same argument works for H 2 . 

Now we can turn to the proof of the lemma. Recall that H 1 (K 00 ,T p (x)(r)) = 
Hom(P, T) as the coefficients become trivial over K^. Hence 

-» H 1 (H,Rom(P,T)) -» ff^Qp^T) -> H°(H, Hom(P, T)) -» H 2 (H, Hom(P, T)) 

This is the desired pseudo-isomorphism. Pscudo-isomorphic A-modules have the same 
determinant, so this proves the first identification of determinants. By similar argu- 
ments applying H l (H, •) to the exact sequences and using T H = 0, the other identi- 
fications follow. □ 

Corollary B.2.2. Let \ be a local character andr > 1 as before. LetG n — Gal(<Q(^ p >- 
Then there is an isomorphism of determinants 

det 0p[Gn] flr(Q(/vO P ,T p (x)(r))[rj ~ dct 0p[Gn] Romr nXH (0 Ko [[T}],T p ( X )(r)) 

which rationally is induced by the isomorphism 

H\Q(» p n) p ,V p (x)(r)) ^ Uom rnXH (K [[T}},V p (x)(r)) 

Proof. 

RT(Q(^ p n) p ,T p ( X )(r)) = RT(T n , i?r(Q p , oc , T p { x )(r)) 

Hence by the lemma 

det 0p[Gn] RT(Q^ p n) p ,T p ( X )(r))[l] = det 0p[Gn] RT(T n ,Rom H (0 Ko [[T]},T p (x)(r)) 

In this case there are no r„-coinvariants, hence 

RT(T n , Hom H (0^ [[T}},T p ( X )(r)) = Hom fl (0 Ko [[T]}, T p ( X )(r)) r " 

The identification of determinants of Iwasawa modules was induced by pseudo- 
isomorphisms hence RT(T n , •) of the error terms is torsion. So rationally it is induced 
by a quasi-isomorphism. □ 

B.3 Reciprocity laws 

Let TV = N'p m with N' prime to p. Let (n> be a generator of the free Z p [H] -module 
Ok q ■ We can assume that is (n phis a linear combination of roots of unity of order 
less than N. In particular P x {(n') — p x {(n')- Evaluation in (n> fixes an isomorphism 
Rom rxH (K a [[T]],V p ( X )(r)) <* V p ( X )(r). 

Lemma B.3.1. 

N' r (l - x(p)p~ r ) 
( Sx exp p )(i DR ( X )) = N r-i {r _ mi _ p r-i x -i (p)) t p(x)(r). 
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Proof. Recall that T/T m = G m . We have Z p [H](n> = Ok - Hence <^v< also defines 
isomorphisms 

E.omr m (O K0 [[T]],E p {r)) Si Bom{0 Ko [G m ],E p (r)) = Hom(Z p [# x G m ],E p (r)) 
The following diagram commutes 

Vba(x) Hom rxH (OK [[r}},V p (x)(r)) > V p ( X )(r) 



K m — = 2* Homr m (Ox [[r]], J B p (r)) ► Hom(Z p [if X G m ], E p (r)) 

where t! is defined via the inclusion asp x -i-eigenpart. Under this inclusion t'(ip(x)( r )) : 
p x -iS where (5(e) = t p (r) (the standard generator of E p {r)) and 8(g) = for e^j£ 
iJ x G m . Hence 

^ P (x)M)(GvO - t 'Mx)(r))(e) = ^ i p (r). 
This implies that for a G Vdr(x) we have 

$(iV) 

x exp p )(a)(0v) = ( s ^ m exp p )(a)(CAT') • y-jry • t P (x)M 

The map sx m ■ K m — > Homr m (i^o[[r]], E p (r)) is computed by the explicit reci- 
procity law for K = Ko(/i p m). In the unramificd case, sk reduces to a map 
K -> Kom(K , E p (r)) . By |BlKa| Claim 4.8 (p. 368) it is given by 



<*"(/?-> 7^)! Tr Ko/Qp ((l - p^ 1 Fr p 1 )- 1 )(/3) ■ (1 - Fr p 1 p~ r )(a) t p (r) 

(Recall that Fr p is geometric Frobenius whereas / in loc. cit is arithmetic Frobenius). 
Evaluating the formula with a = p x -i (Cn) and [3 = Qn — Cn 1 , we get 

N(i-x( P)P -n 



(r- 1)1(1 -p^X-'WMN) 



The factor Q(N)/t p (r) cancels. This yields the desired formula in the unramified case. 
In the ramified case m > 1, we follow an approach also used by Benois and N guyen 



in an earlier version of [ BcnNg |. We use Kato's higher explicit reciprocity law, | Ka.2 



2.1.7. The map Sn m exp p is given by 

- (^T)j^ rm Tr ^/Q, ( - a ^ 1 ~ p r ~ l <i>T l D r W + r))(C P « - i)tpM 

where we consider (3 ■ ( 1 + T ) e K( ,[[T]] and D = (1 + T)d/dT, 4> Frobenius on 
Ox [[T]] (see also also | PR2| for facts about Coleman power series.) We evaluate 



with a = p x ~i (Cn) and f3 — Cn' and get 

1 



(r - l)!p r 



TT K m /® p (p x -i{(N)p x y m ) t p (r) 
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with y m = [(1 — <j)p r x ) 1 Ctv(1 + T)](Cp m — 1). Using the geometric series for the 
inverse of 1 — p r ~ 1 (j), we get 



y, 



= OK,- +P r - 1 Fr; 1 (aOC P p m +P 2(r - 1) Fr p - 2 (c A rOC^ + 



Only the first summand contributes to the %-part as we have assumened that \ is 
primitive of level N. Hence 

PxiVm) = Px(Ov'Cp-) = P x (Cjv'Cp"0 = Px(Cn) 
As p x -i(Gv)p x (Gv) = N/<P(N) 2 , this yields 

iV 



s K m exp p (p x -i(Cw))(CA") = 



(r - l)\p rm ®(N) 
The factor $(JV)/t p (r) again cancels and p™ is the p-part of N r 



tp(r) 



□ 



Proof of proposition 2.2.1 : As before let x be a character of conductor TV = p m N' with 

N' prime top, G n _ G al(Q(C P ")/<Q>) and if = Q p (CiV')- We nave to check that the el " 
ement of lemma B.1.4 (call it e') is a generator of det^ 1 ^ , -Rr(Q(£ p «) p , T p (x)(r). By 

lemma p3. 2. 2j this is equivalent to showing that the image of e' in Homr„ X ff [®K [[r]], T p (x)(r)) = 
Hom/f (O^- [G„],T p (x)(r)) is an p [G„]-generator of the latter. As 

Rom H (0 Ko [G n ),T p ( X )(r)) C 0F P W(r) 



where a; runs through all char acters of G„ , the image of s' is uniquely determined by 
its w-components. By lemma B.3.1 applied to the character %u; and the definition of 

e' 

(s Kn s%=2(N'yt p (xu)(r). 

(Note that N', H and £at/ are the same for all these x 1 ^)- On the other hand, 
Horn// (Ko[G n ], Vp(x)( r )) has a standard generator given by the function S with 
S(Cn's) — tp(x)( r )> ^(CiVfl 1 ) = for g ^ e e G„. It has w-component t p (xuj)(r). 
Hence 

SK.e' = 2(N') r S. 



As AT' is prime to p and p ^ 2 this finishes the proof of proposition B.1.3 for Dirichlct 
characters. 
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